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HOW TO MEASURE LIVING STANDARDS AND PRODUCTIVITY
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I set out a general algorithm for calculating true cost-of-living indices when demand is not
homothetic and when the number of products may be large. The non-homothetic case is the
important one empirically (Engel’s Law). The algorithm can be applied in both time series and
cross section. It can also be used to estimate true producer price indices and Total Factor Produc-
tivity in the presence of input-biased economies of scale and technical change. The basic idea is to
calculate a chain index of prices but with actual budget (cost) shares replaced by compensated shares,
i.e. what the shares would have been if consumers (firms) faced actual prices but their utility (output)
were held constant at some reference level. The compensated shares can be derived econometrically
from the same data as are required for the construction of conventional index numbers. The algo-
rithm is illustrated by applying it to estimating true PPPs for 141 countries and 100 products within
household consumption, using data from the World Bank’s latest International Comparison
Program.
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1. INTRODUCTION

This paper sets out an algorithm for measuring the true cost of living in the
important case where demand is non-homothetic. The algorithm can be applied in
both time series and cross section, e.g. cross-country studies of living standards.
Essentially the same algorithm can be applied to the parallel problem of measuring
the price of producers’ inputs, which in turn is a step on the road to measuring
technical change. The algorithm is practical since it requires no more data than is
needed to calculate conventional index numbers. And in principle it can be imple-
mented at the same level of product detail at which conventional index numbers
are constructed by national statistical agencies.

Economic theory tells us how to measure the true cost of living: estimate the
expenditure function econometrically and then calculate the Koniis price index.
The Koniis price index for period 7 relative to some other period r is defined as the

Note: 1 owe thanks to Erwin Diewert for detailed comments and helpful suggestions on an earlier
version. This paper benefited from the comments of participants at the 2010 Royal Economic Society
conference (Surrey University, Guildford); the 6th North American Productivity Workshop (Rice
University, Houston), particularly Bert Balk; and the 31st IARIW General Conference (St Gallen,
Switzerland), particularly my discussant Marshall Reinsdorf. The final version also benefitted from the
comments of two anonymous referees. None of the above is responsible for my conclusions or any
errors. I am grateful also to the U.K. Economic and Social Research Council which has financed this
research under ESRC grant number RES-000-22-3438. The ESRC also supports the Centre for Eco-
nomic Performance.

*Correspondence to: Nicholas Oulton, Centre for Economic Performance, London School of
Economics, Houghton Street, London WC2A 2AE, UK (n.oulton@lse.ac.uk).

© 2012 The Author

Review of Income and Wealth © 2012 International Association for Research in Income and Wealth
Published by Blackwell Publishing, 9600 Garsington Road, Oxford OX4 2DQ, UK and 350 Main St,
Malden, MA, 02148, USA.

424



Review of Income and Wealth, Series 58, Number 3, September 2012

ratio of the (minimum) cost of achieving a given utility level at the prices of period
t to the cost of achieving the same utility level at the prices of period r (Koniis, 1939);
the utility level can be that of ¢, r, or any other period. If we know the expenditure
function then we can calculate the Koniis price index, for any chosen utility level.
Similarly, economic theory tells us how to measure the true index of the cost of a
producer’s inputs: estimate the producer’s cost function and calculate the analogue
of the Koniis price index. If we know the cost function, then we also know the degree
of economies of scale, the size of any input biases in economies of scale, the growth
rate of technical change, and the size of any input biases in technical change.

However, though much work has been done on estimating systems of con-
sumer demand or producers’ cost functions, the results of these studies are not
typically employed by other economists in empirical work. For example, when
macro economists study inflation empirically, they do not usually employ their
micro colleagues’ estimates of expenditure functions. Rather they use consumer
price indices constructed by national statistical agencies. The reason is clear. The
economic approach cannot be applied at a level useful for other empirical econo-
mists because of data limitations.

1.1. The Data Problem

The economic approach cannot be employed because the number of param-
eters to be estimated is large and the number of observations is comparatively
small. In other words the problem is a purely practical one which might in theory
be solved just by waiting long enough (possibly for hundreds of years). This causes
a dilemma for the empirical economist who is unwilling to wait. Either the eco-
nomic approach must be abandoned and index numbers employed instead, or the
data must be aggregated and the economic approach applied at a higher level. The
first way, I shall argue later, is perfectly all right if demand (for consumer goods or
producer inputs) is homothetic. But if it is not, then index numbers will not
measure what they are supposed to measure. The second approach is more rel-
evant to testing economic theory rather than using it. In practice, empirical econo-
mists tend to use the index numbers (for output, inputs, and prices) supplied to
them by statistical agencies, without asking too many questions about the assump-
tions on which they are based.!

The data problem can be illustrated by taking the Quadratic Almost Ideal
Demand System (QAIDS) for N products of Banks ez al. (1997) as an example. In

the expenditure function of this system there are %(N —1)(N +2) independent

parameters relating to the consumer’s response to prices, and 2(N — 1) independent
parameters relating to the consumer’s response to income, for a total (excluding a

scale parameter) of %(N —1)(N +6) independent parameters. The QAIDS is a

ISee, for example, the remarks of Tobin (1987) on the contributions of Irving Fisher to index
number theory: “These index number issues do not seem as important to present-day economists as
they did to Fisher. Knowing that they are intrinsically unsolvable, we finesse them and use uncritically
the indexes that government statisticians provide.” Of course, I do not agree that these “index number
issues” are “intrinsically unsolvable,” otherwise I would not have written this paper.
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system of N — 1 independent equations for the expenditure shares. Roughly speak-
ing, each of these equations contains on average %(N +2) independent

coefficients relating to prices and two coefficients relating to income. To have any
chance of estimating these coefficients econometrically, we must have more obser-
vations than coefficients; i.e., if we have T aggregate time series observations, then

we require T > %(N+6).

This is where the empirical study of demand and the practice of index number
construction part company. National statistical agencies construct their indices of
the cost of living from hundreds of components. For example, the U.S. Bureau of
Labor Statistics constructs its Consumer Price Index from 305 “entry-level items”
(U.S. Bureau of Labor Statistics, 2007). The U.K.’s Consumer Prices Index and
Retail Prices Index have some 650 “items” (Office for National Statistics, 1998,
2006). To estimate the parameters of the QAIDS for 650 products would require
over three centuries of annual data, a requirement that is not and is never likely to
be met. So when econometricians use time series data to test the theory of demand,
they are forced to aggregate the products into a small number of groups; for
example, Christensen ez al. (1975) tested the theory of demand using three product
groups over 1929-72. But additional, strong assumptions on separability are
needed to justify this aggregation (Deaton and Muellbauer, 1980b, ch. 5; Black-
orby et al., 2008); to test these assumptions would run into the same problem of
insufficient data as just outlined and in practice this is never done. So the “prices”
and “quantities” which are the basic data for testing the theory of demand in this
kind of study are themselves index numbers.” But then the theoretical justification
for these index numbers is unclear. Cross section studies of household demand fare
better since in any given year it may be reasonable to assume prices are the same
for all households (except for regional effects). With typically several thousand
observations in any cross section, lack of observations is not such a problem. But
then only the effects of income (and of household composition) on demand can be
measured, as in, for example, Blow et al. (2004).2

The upshot is that all the empirical work that economists have done on
household demand has had no effect on the measurements actually made by
national statistical agencies (although the underlying theory may have been influ-
ential). Similar remarks apply to the measurement of other indices, such as the
producer price index.

1.2. Non-Homotheticity

Actually, none of this matters much provided that demand ( for consumer goods
or inputs) is homothetic. If this condition holds and if we are prepared to accept

’Latent separability (Blundell and Robin, 2000) imposes fewer restrictions than weak separability.
But it is still necessary to estimate a complete demand system in order to determine which goods belong
in which groups.

3Cross section studies also often employ highly aggregated data: five product groups in the case of
Banks et al. (1997), eight in the case of Blundell ez al. (2007) [they present estimates for 7 groups; the
8™ omitted, unnamed group accounts for 30% of expenditure (see their Table V)], both studies of
British household budgets, and 11 in the case of Neary (2004), a cross-country study of 1980 PPPs. The
panel study on Canadian households of Lewbel and Pendakur (2009) employed nine groups.
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that economic theory is true,* then we have no need to estimate cost or expenditure
functions. We can instead estimate a discrete approximation to a Divisia index
(which T show is the ideal measure in this case), using the superlative index
numbers of Diewert (1976) with their flexibility improved by chaining.

Unfortunately, an overwhelming body of empirical evidence establishes that
consumer demand is not homothetic. The most obvious manifestation of this is
Engel’s Law: the proportion of total household expenditure devoted to food falls
as expenditure rises. Since its original publication in 1857, Engel’s Law has been
repeatedly confirmed. Houthakker (1957) showed that the Law held in some 40
household surveys from about 30 countries.’ Engel’s Law also holds in the much
more econometrically sophisticated study of Banks ez al. (1997) on U.K. house-
hold budgets. The prevalence of non-homotheticity is also confirmed by the more
disaggregated studies of Blow et al. (2004), also on U.K. household budgets, which
considered 18 product groups; Oulton (2008), who considered 70 product groups;
and Oulton (2012b), 100 product groups.®

If demand is not homothetic, then superlative index numbers are not guar-
anteed to be good approximations to Kontis price indices, even locally. In fact the
true price index may lie outside the Laspeyres—Paasche spread. And the true price
index is no longer unique but depends on the reference level chosen for utility (or,
for the producer price index, on the reference output level). The fact that the
Koniis price index generally varies with the reference utility level is sometimes
taken as puzzlingly paradoxical. But it can be given a simple intuitive justification.
Consider a household with a very low standard of living spending 60 percent of its
budget on food (as was the case with the working class households studied by
Engel in 1857). Suppose the price of food rises by 20 percent, with other prices
constant. Then money income will probably have to rise by close to 12 percent
(0.60 x 20%), to leave utility unchanged, since there are limited possibilities for
substituting clothing and shelter for food. Compare this household to a modern
day British one, spending 15 percent of its budget on food prepared and served at
home (Blow et al., 2004). Now the maximum rise in income required to hold utility
constant is only 3 percent (0.15 x 20%), and probably a good bit less as substitu-
tion opportunities are greater.

“Throughout this paper I adopt the economic approach to index numbers; see Diewert (1981, 2008)
for surveys of this and of the alternative axiomatic and stochastic approaches, and Balk (2008) on the
axiomatic approach.

SEngel’s (1857) results for expenditure by households of various income levels in Saxony are
described more accessibly in Marshall (1920, ch. IV); see Chai and Moneta (2010) for a modern account
of Engel’s work. In each of the surveys that he collected, Houthakker (1957) estimated the elasticity of
expenditure on food and three other product groups (clothing, housing, and miscellaneous) with
respect to total expenditure and to household size. The results for food were clear-cut: demand was
inelastic with respect to expenditure in every survey. The results for clothing and miscellaneous were
equally clear-cut: demand was expenditure-elastic. The result for housing was more mixed.

°An exception to this consensus is Dowrick and Quiggin (1997). They studied the 1980 and 1990
PPPs for 17 OECD countries, using 38 components of GDP, and argued that the data could be
rationalized by a homothetic utility function. But their anomalous finding may be due partly to the fact
that the per capita incomes of these countries were fairly similar, partly to the fact that some of the 38
components were not household spending, and partly to the low power of their non-parametric test
(Neary, 2004). By contrast, Crawford and Neary (2008) found that the cross-country data in Neary
(2004)—11 commodity groups in 60 countries from the World Bank’s 1980 ICP—are rationalizable by
a single non-homothetic utility function, but not by any homothetic utility function.
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This leaves the welfare interpretation of conventional consumer price indices
and their cross-country cousins, the Purchasing Power Parities (PPPs) constructed
by the OECD and the World Bank, somewhat up in the air. If the true price index
depends on the reference level of utility, how are we to interpret real world price
indices? The answer in the time series context is that a chained, superlative index
is likely to be approximately equal to a true price index with reference utility level
at the midpoint of the sample period (Diewert, 1976, 1981; Feenstra and Reins-
dorf, 2000; Balk, 2010).” For a cross-country comparison, the viewpoint will be
that of a “middle” country. While there is nothing wrong with this viewpoint, there
is no special reason why the midpoint should be so privileged. There is also the
disadvantage that when the sample period is extended (or the number of countries
in the comparison increased), the viewpoint changes.®

A parallel issue arises on the production side and takes the form of input
biases in economies of scale: if output is doubled, holding prices and technology
constant, does that leave all cost shares unchanged? The possibility that this is not
the case has certainly been entertained as a matter of theory, though I am not
aware of any substantial body of empirical work devoted to this issue. But such a
situation may be quite common. Consider a firm which has fixed and variable
costs, where the fixed costs are white collar workers and the variable costs are blue
collar workers. Then an expansion of output will lower the share of white collar
workers in total costs. In this case the cost function is non-homothetic and also
non-homogeneous in output. So it would certainly seem desirable to take non-
homotheticity into account when trying to measure Total Factor Productivity.

1.3. The Algorithm

The proposed algorithm can be summarized as follows. The growth rate of a
Koniis consumer price index resembles that of a Divisia index (or the latter’s
empirical counterpart, a chain index) in that it is an expenditure-share-weighted
average of the growth rates of the component prices. But for the Koniis index the
shares are not the actual, observed ones, but rather what I call the compensated
shares: the shares that would be observed if prices were the actual, observed ones
but utility were held constant at some given reference level. I derive a relationship
between the compensated and the actual shares: the compensated shares are equal
to the actual ones, adjusted for the difference in real income (utility) between the
actual situation and the reference level. The adjustment requires us to know, for

"Suppose a utility function exists which rationalizes the data but may be non-homothetic. Diewert
(1981) showed that there exists a utility level which is intermediate between the levels at the endpoints
of the interval under study such that a Koniis price index over this interval, with utility fixed at the
intermediate level, is bounded below by the Paasche and above by the Laspeyres. Balk (2010) showed
that when the growth of prices is piecewise log linear a chained Fisher price index approximates a
Koniis price index over an interval when the reference utility level is fixed at that of some intermediate
point in the interval. More precise results are available for specific functional forms. Diewert (1976)
showed that a Tornqvist price index is exact for a non-homothetic translog cost function when the
reference utility level is the geometric mean of the utility levels at the endpoints; see also Diewert (2009)
for extensions. For the AIDS, Feenstra and Reinsdorf (2000) showed that, if prices are growing at
constant rates, the Divisia index between two time periods equals the Koniis price index when the
reference utility level is a weighted average of utility levels along the path.

$Though adding more time periods (countries) may also change the estimates in the econometric
approach advocated here.
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each product, the consumer’s response to real income changes but not the response
to price changes. This is why the algorithm can be implemented at a very disag-
gregated level, since the number of parameters needed to describe the consumer’s
response to income changes is quite small: in the case of the QAIDS only two
parameters for each product need to be known. These income response parameters
can be estimated econometrically, provided we do not try at the same time to
estimate the responses to individual price changes. This can be done by estimating
a flexible demand system such as the QAIDS but with the price variables replaced
by a much smaller number of principal components. In this way the data limitation
problem can be overcome.

It is important to note that the algorithm proposed here is not designed as a
test of whether the theory of consumer (or producer) demand is true. Rather it
seeks to use demand theory to construct better measures of living standards and
productivity. In fact, the algorithm assumes that demand theory is true and hence
that the consumer’s or producer’s responses can be approximated by a flexible
system like the QAIDS.

1.4. Plan of the Paper

I start in Section 2 with the homothetic case. I show that a Divisia index
provides an ideal measure and that this can be well approximated by a chained,
superlative index number. In Section 3 I go on to consider the non-homothetic case
and present a general algorithm for estimating a true (Koniis) price index for a
representative consumer. The algorithm requires just the same data (and no more)
as would be required to estimate a conventional index number. This algorithm is
illustrated more specifically for the QAIDS. I argue that it can be applied both to
time series and to cross section (e.g. cross country studies). In Section 4 the analysis
is extended by dropping the assumption of a representative consumer. I show how
the QAIDS can be adapted to allow for inequality in the distribution of income. It
turns out that this just requires adding two additional variables, both statistics of
the income distribution, to the share equations of the QAIDS. The algorithm
derived for the simpler case of a representative consumer can then be applied much
as before. This section also discusses including household characteristics as addi-
tional determinants of demand. Section 5 shows how the general method applies,
after some adaptation, to the estimation of a true input price index for producers,
in the case where (dis)economies of scale may exist and may be input-biased. The
algorithm enables input biases in economies of scale and in technical change to be
estimated simultaneously. Section 6 then illustrates the method by applying it to
the problem of estimating true PPPs for 141 countries and 100 products, using the
underlying data from the World Bank’s most recently published International
Comparison Program (ICP). Finally, Section 7 concludes.

2. PricE INDICES: THE HOMOTHETIC CASE

In this section I argue that chained, superlative index numbers have solved the
problem of measuring the true cost of living for a single, representative consumer
in the case where demand is homothetic.
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Let the consumer’s expenditure function be
x=E(p,u), ox/ou>0.

This shows the minimum expenditure x needed to reach utility level # when
p=(p2...pn) is the N x 1 price vector faced by the consumer; x:ZA y2
where the ¢; are the quantities purchased. Expenditure at time ¢ is therefore a
function of prices at time ¢ and the utility level. The expenditure function is
assumed to possess derivatives of all orders. Suppose that, hypothetically, utility
were held at its level at time b while the consumer faced the prices of time . Let
x(¢, b) denote the minimum expenditure at the prices of time ¢ required to achieve
the utility level of time b. Then

() x(t, b) = E(p(1), u()).

For brevity write the right-hand side as

E(1,b)= E(p(1), u(b))

where the first argument of E(z, b) is the time period for prices and the second is the
time period for utility. The Koniis price index at time ¢ relative to time r, with time
b as the base period for utility, is defined as the ratio of the minimum expenditure
required with the prices of time ¢ to attain the utility level of time b, to the
minimum expenditure required to attain this same utility level, when the consumer
faces the prices of time r:

2) PX(t,r,b)=E(t,b)/E(r, D).

In other words, period r is the reference period and period b is the
base period. (Clearly, PX(r, r, b)=1.) The base period b might be the same as
the reference period (b = r), or the same as the current period (b = ¢), or it might
be some other period. In general, the Koniis price index depends on both
the prices and the specified utility level. However, as is well known, the index
is independent of the utility level and depends only on the prices if and
only if demand is homothetic, i.e. if all income elasticities are equal to one
(Koniis, 1939; Samuelson and Swamy, 1974; Deaton and Muellbauer, ch. 7,
1980b).

Let s; denote the share of product 7 in total expenditure. Applying Shephard’s
Lemma to the expenditure function, we obtain the share functions:

_dInE(,)

i=1...,N.
dln p,

3) Si

The expenditure shares clearly depend on both prices and utility. Let the share of
product 7 in total expenditure at time ¢, if utility were fixed at the level of period v,
be s(t, v). Evaluating this function with the prices of time 7 and the utility level of
time b we have
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dnE(t, b)

(t.b) =
W= S0

=1,...,N.

These can be called the hypothetical or compensated (Hicksian) shares, the shares
that would be observed if utility were held constant at some base level (here, the
level prevailing in period b), while prices followed their observed path. The actual,
observed shares in period ¢ are

dln E(t, 1)
olnp (1)

Note that the compensated shares in the base period b, si(b, b), are the same as the
actual shares in that period.

By totally differentiating the Koniis price index of equation (2) with respect to
time, we obtain

s(t,1) = =1,....N.

dInPX(t 1 b) cmn A E®D ) dIn p(l) i d1n p,(t)
4) = = A (1, b)—E2,
& =2 3m 2 di 2o sD—

So the level of the Koniis price index in some period 7, relative to its level in the
reference period r, is found by integration:

(5) In PX(T, r,b)=f[ 5,(t, b)(dlnp’(t)ﬂdt, PX(r,r,b)=1.

The Koniis price index resembles a Divisia index (PP) which is defined as:

(6) In P2(T, r):ij[ 5,(t, t)(dlnp’(l)ﬂdz, P(r,r)=1.

The only difference between them is that the Koniis index employs the compen-
sated, not the actual, shares as weights (Balk, 2005; Oulton, 2008).° However, in
the homothetic case the compensated and the actual shares are always the same:
sit, b) =sqt, t), Vi,b, since shares depend only on prices, not on utility (or real
income); that is, the Koniis and Divisia indices are identical. So in this case the task
of index number theory is to find the best discrete approximation to the continuous
Divisia index of equation (6).

In fact in the homothetic case the problem of estimating true cost-of-living
indices and indices of the standard of living, together with their counterparts on
the production side, has been solved, at least within the limit of what is empirically
possible. The solution was in fact provided by Diewert’s superlative index
numbers, index numbers which are exact for some flexible functional form

“Since it is a line integral, the Divisia index is in general path-dependent unless demand is
homothetic, as its inventor Divisia (1925-26) was well aware; see Hulten (1973) for detailed discussion
and Apostol (1957, ch. 10), for the underlying mathematics. But the Koniis price index, the right-hand
side of equation (5), is not path-dependent since by definition utility is being held constant along the
path (Oulton, 2008).
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(Diewert, 1976). In the homothetic case, the true index is bounded by the Laspey-
res and Paasche indices (Koniis, 1939). But superlative index numbers are only
guaranteed to be good approximations locally, so they need to be chained together
in order to approximate better the continuously changing weights in the Divisia
index (6).10!!

Unfortunately, the assumption of homotheticity is a very dubious one for
consumer demand. As argued earlier, there is overwhelming evidence from house-
hold surveys that income elasticities are not all equal to one. Economists have been
somewhat readier to accept the assumption of constant returns to scale in the case
of producers, but even so this assumption should ideally be tested. The next section
therefore turns to the non-homothetic case.

3. ESTIMATING A TRUE COST-OF-LIVING INDEX OVER TIME:
THE NoN-HoMOTHETIC CASE

3.1. The Taylor Series Approach

In this section I consider the problem of how to estimate a true cost-of-living
index over time when demand is non-homothetic and there are insufficient time
series observations available to estimate the consumer’s expenditure function.'
This might be called the “large N, small T problem: there are a large number of
products but only a small number of time periods. This is the typical situation
faced by national statistics agencies when, for example, estimating the consumer
price index. Throughout this section I assume a single, representative consumer. In
the next section this assumption will be relaxed.

Equation (5) shows that in order to calculate the Koniis price index in prac-
tice, we need to know the compensated shares, which differ in general from the
actual ones in the non-homothetic case. We seek a way of at least approximating
the compensated shares, which cannot of course be directly observed (except for
the s(b, b) which are both the actual and the compensated shares in period b). We
can do this by expressing the actual shares sz, f) in terms of a Taylor series
expansion of the compensated shares s(z, ») in equation (3) around the point
In x =In E(¢, b), 1.e. holding prices constant at their levels at time 7 and varying
expenditure (utility). When this is done we can establish the following proposition:

Proposition 1. The differences between the compensated and the actual shares
depend on: (a) the difference in real expenditure between the base period and the

"Diewert (1976) was well aware of the need for chaining: see his footnote 16. For more on
superlative indices, including discussion of the critique of them by Hill (2006), see section A.l of the
appendix to Oulton (2012a).

"Using an axiomatic approach, van Veelen (2002) has proved an impossibility theorem which
purports to rule out an economically acceptable solution to the problem of measuring the standard of
living, both internationally and intertemporally. However, his 4th and final axiom, “Independence of
irrelevant countries” (or irrelevant time periods), would rule out the use of chain indices. On the
economic approach the latter are essential to derive good approximations to Divisia indices.

1>The argument of this section is a generalization of the one set out in Oulton (2008).
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current period; and (b) the consumer’s response to real expenditure changes. The
differences do not depend on the consumer’s response to price changes. More
precisely,

X(t,1)/x(b, b)} _Ma(tb)[ m["“» D/x(b, b)}}z
PX(1,b,b) 21 UL PX@,b,b)

3
]} —.., i=1,...,N;te[0,T]

(D) s(t5)=5 (60,0001

_My(0.0) {ln[x(t, 1)/x(b,b)

3! PX(t, b, b)
where
(8) n.(t b)—(m) k=1,2,...;i=1,....N
ik \"» alnE(-,-)k 5,;l}f((tt)’b), g g aany ooy .

Proof. Take a Taylor series expansion of the share function sz, f) with respect to
its second argument around the point 54, b): see Section A.l of the Appendix.

The partial derivative (¢, b) is the semi-elasticity of the budget share of the
i-th product with respect to expenditure, with prices held constant; it is evaluated
at base year utility and at the prices of time 7. It measures the consumer’s
response to expenditure changes, as asserted in Proposition 1. These semi-
elasticities and the higher order derivatives in (7) measure basic aspects of con-
sumer behavior. The terms in square brackets measure the proportionate
difference between real expenditure at time ¢ and at time b. Note that if the
expenditure function is a K-th order polynomial in log expenditure, then the
Taylor series effectively terminates after K terms, since Mg = Nigo= ... =0.
So equation (7) with terms higher than powers of K in log expenditure omitted
is then exact and not an approximation.

The system of equations (7) might not appear to take us very much further
if our goal is to estimate the Koniis price index, since the latter appears on the
right-hand side. But in fact this system, together with (4), is the basis for a
practical method. Suppose that the 7na(z, b) and the higher order derivatives
Nna(t, b), Na(t, b), etc, that are required for a good approximation, were somehow
known or could be estimated (see the next section on ways to do this). Then we
could estimate the Koniis price index using equations (4) and (7). This is because
these equations constitute a set of equations for PX(z, b, b) and hence for PX(z, r,
b),"% in which the compensated shares and the Koniis price index are the only
unknowns; the actual shares si(z, ), the nominal expenditures x(z, t) and x(b, b),
and (by assumption) the semi-elasticities (1na(z, b), na(t, b), etc) are all known.

The general procedure for solving these equations is straightforward in prin-
ciple. First, we need to take discrete approximations. Equations (7) must be under-
stood to hold in discrete not continuous time, i.e. for £ =0,1, . ..,7. We must also
decide how many terms in the Taylor series are required. If the utility function

From the definition of the Koniis in equation (2), PX(z, r, b) = PX(¢, b, b)/PX(r, b, b).
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is quadratic in log expenditure, then only the first two terms of the Taylor series
are needed; see the next section. Equation (4) must be replaced by a discrete
approximation, e.g. a chained Tornqvist or chained Fisher formula.

Let us define the following chained, compensated index numbers. Each index
number is for period ¢ relative to period r, with utility held constant at the level of
period b.

Compensated Tornqvist:

or o[ 5(6D) +5,(r,.0), ([ p(0)
o (), o)
Compensated Laspeyres.

L i=N i(t)
(10) PR b)=3 ) s b),i(r)'

Compensated Paasche:'*

cpP - =N M _1
(1 PTG~ S a0 A1

Compensated Fisher:

(12) P (t,r, b)=[P"(t,r,b)- P (1,1, b)]"~.

Each of these index numbers is defined in the same way as its empirical
counterpart, except that compensated, not actual, shares are used. If » = ¢ — 1 these
compensated indices are the links in the corresponding chained index. The natural
choices for discrete approximations to the continuous Koniis price index are either
the compensated Tornqvist, equation (9), or the compensated Fisher, equa-
tion (12). We now have:

Proposition 2. The true index is bounded by the compensated Laspeyres and the
compensated Paasche. This is the case when we are looking at links in a chain
index, i.e. when we are comparing two adjacent years (or countries):

(13) P(t,t-1,b)> PX(1,1-1,b)> P (1,1~ 1, b).

Itis also true when we are looking at a bilateral (two-period or two-country) index,
comparing year (country) ¢ with reference year (country) r, with year (country) b as
the base:

(14) P, r,b) > PX(t,r,b) = PP (1, 1, b).

“The formula for the Paasche is not the usual one but is mathematically equivalent to the usual
one.
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Proof. Since utility is being held constant at its level in period b, the proof of
Proposition 2 follows similar lines to that of the well-known Koniis (1939)
inequalities: see section A.1 of the Appendix for the details.

We also need to take account of the Koniis (1939) inequalities relating actual
Laspeyres and Paasche price indices to Koniis indices. Denote the actual Laspeyres
and Paasche price indices for year (country) ¢ relative to year (country) r by
PX(t, r) and P”(z, r), respectively. (So the Laspeyres index uses the weights of year
(country) r and the Paasche uses the weights of year (country) ¢.) Then the Koniis
(1939) inequalities state that

(15) P (t,r)= PX(t,r,ryand P"(¢,r)< PX(t,r,1).

A Koniis index is only guaranteed to lie within the actual Laspeyres—Paasche
spread if demand is homothetic so that PX(z, r, r) = PX(s, 1, 1).

The Laspeyres—Paasche spreads, calculated using either compensated or
actual shares, can be used as a check on the accuracy of whatever index number
formula is adopted.’

Equations (7) now constitute a system of (N — 1)(7 + 1) independent equa-
tions since the N shares sum to one in each period.'® Together with (4), this system
can be solved iteratively:"’

1. Start with an initial guess at PX(z, b, b): this could be derived as a chained
Tornqvist or chained Fisher index which uses actual not compensated
shares.

2. Substitute this estimate of PX(z, b, b) into (7) to get estimates of the
compensated shares for each of N — 1 products and for each of 7+ 1 time
periods; the share of the N-th product can be derived as a residual.

3. Use these estimates of the compensated shares to obtain a new estimate of
PX(t, b, b) from either of the two discrete approximations to (4), the
Torngvist (equation (9)) or the Fisher (equation (12)).

4. Check whether the estimate of PX(z, b, b) has converged. If not, return to
step 2.

The intuition behind this result is as follows. In the homothetic case it turns out that
we do not need to know the individual parameters of the expenditure function: the
observed shares encapsulate all the required information. In the non-homothetic
case, we need to know the compensated shares. These can be thought of as like the
actual shares, but contaminated by the effects of changes in real income (expendi-
ture). What is needed is to purge the actual shares of income effects.'®

5Of all superlative index numbers, only the Fisher is guaranteed to lie within the Laspeyres—Paasche
spread (Hill, 2006), assuming all use compensated or all use actual shares, and all are chained or all are
bilateral. But a chained Fisher is not guaranteed to lie within a bilateral Laspeyres—Paasche spread.

1The actual shares of course sum to one and since they derive from the expenditure function, so
do the compensated shares: see equation (3).

'If the Engel curves are log-linear, i.e. all the 1; are zero except the 71, then the whole system is
linear and an explicit solution for the compensated shares is available; see section A.2 of the appendix
to Oulton (2012a).

%The algorithm is not guaranteed to converge; the convergence issue is discussed in section A.2 of
the appendix to Oulton (2012a).
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So given knowledge of the ni up to the required order, we can estimate the
Koniis price index. Estimating the 1, themselves may still seem a difficult task but
notice that only the response of demand to changes in real income needs to be
known, not the response to price changes. This is a very significant reduction in the
complexity of the task empirically.

It is possible that estimates of the 1y are available “off the shelf,” in which
case the problem is solved. The response to expenditure changes can be estimated
from cross-section data since prices can usually be assumed to be the same for all
households in a given region (see, e.g., Blow et al., 2004). But cross-section esti-
mates may not be available' or, even if they are, the product classification may be
different. In the absence of ready-made estimates, is it possible to estimate these
parameters from the aggregate data available to national statistical agencies—the
same data that they use to construct conventional index numbers? The answer is
yes. To make further progress I turn now to consider systems of demand which are
consistent with economic theory and also seem capable of fitting the data reason-
ably well.

3.2. Specifying the Demand System

If we want to implement the algorithm set out in the previous sub-section in
the absence of off-the-shelf estimates of the semi-elasticities 1, then we need to
choose a specific model of consumer demand. The PIGLOG demand system,
introduced by Muellbauer (1976) (see also Deaton and Muellbauer, 1980a, 1980b,
ch. 3) has found wide application empirically.”® The PIGLOG expenditure func-
tion is:

(16) Inx =1nA(p)+ B(p)Inu.

Here A(p) = 0 and B(p) > 0 (non-satiation). Also, A(p) is assumed homoge-
neous of degree one and B(p) homogeneous of degree zero in prices. An example
of the PIGLOG is the Almost Ideal Demand System (AIDS) in which case A(p)
takes the translog form.

This expenditure function gives rise to Engel curves which are linear in the log
of expenditure. However, a linear relationship does not fare well empirically
(Banks et al., 1997; Blow et al., 2004; Oulton, 2008) and it is found necessary to
add a squared term in the log of expenditure to the share equations. A squared
term arises if the utility function takes the following form, known as the general-
ized PIGLOG:

The latest round of the World Bank’s International Comparison Program has generated prices
and expenditures for 106 products classified to “actual individual consumption,” for each of 146
countries. But there are no corresponding micro data for these countries.

2Qther approaches are possible. Balk (1990) employed the Rotterdam demand system to estimate
an approximate Konts price index for an aggregate time series of Dutch data. His method depended
on the marginal budget shares (p,dg/dx) being constant within the sample, a property which does not
hold in the PIGLOG demand system. See also Balk (1995) for a survey of other methods of approxi-
mating a cost-of-living index.
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_J| Inx—In A(p) ! )
(17) lnu—{[—B(p) }M(p)}

_ I/ A(p)]
B(p)+1In[x/A(p)]A(p)
where A(p) is a differentiable, homogeneous function of degree zero in prices p and

AMp) = 0. The generalized PIGLOG retains the exact aggregation property of the
simple PIGLOG (see Section 4). The corresponding expenditure function is:

1

B(p)Inu

18 =
(18) Inx lnA(p)Jrl—l(p)lnu'

(This reduces to the simple PIGLOG system (16) when A(p) =0.)
Applying Shephard’s Lemma, and after substituting for u from (17), the
expenditure shares in this demand system are:

(19) 5= dln A(p) , In[x/A(p)] 9B(p) , [Infx/ AP’ IA(p)
dln p, B(p) dlnp, B(p) olnp,

I now follow Banks ef al. (1997) and adopt the following specification for B(p) and
Alp):

(20) B =[1_" p. Y " B =0
and
1) Ap) =Y A np. Y2, =0.

Under this specification,

dln B(p) _
olnp. A
IAP) _ 4
dlnp, '

so the system of share equations (19) becomes

(22) sl:w+ﬁiln[ ol }L Ai’v {ln[ o }}
dln p, A T p2 U LAD)

What is the relationship between compensated and actual shares in this
demand system? In equation (7) above we found a Taylor series expansion for the
compensated shares which involved the semi-elasticity of the shares with respect to
real income, ds/dln E, and higher order derivatives, d%s/dln E*, etc. Now from (19)
we get that
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ds; 24, X
23 L A
@) TSy bl
9’s, 2%

1

T )

and higher order derivatives are zero.

These derivatives have to be evaluated when x = E(z, b). The simplest way to
do this is to adopt the normalization that In u(b) = 0. This is always possible by
appropriate choice of utility units. It now follows also from (18) that

_ Bp()Inu(b) _
(24) Inx(z,b)=1n A4, (p(2)) + 1= A(p(0) Inu(h) =In 4, (p(?)).

Here and from now on, I write A,(p) rather than just A(p), to mark the fact that this

normalization changes the function A(p).*
We can now use these results to evaluate the derivatives in (23) at the point

x = E(1, b), p=p(?):

Js; 2), x(t, b)
nil(lab): ! :| :ﬁ’_+ = (] nl: :|
dlnxdy, T1- peo L)
= ﬁi
using (24) and
9%, 2
mn=| ]
ol T Jewo - [T, pf(0)

Substituting these results into (7) we obtain

~ ~ x(t,1)/x(b, b)}_ A, { [x(t, 1)/ x(b, b)}}z
(25) s,(t,b)=s,(,1) ﬁiln[ PE(.b.b) H:Vp,f" In P D) ,

i=L2,...,N; t=0,1,...,T

and this Taylor series expansion is not an approximation but is exact for the
generalized PIGLOG with the specification of (20) and (21).

21t is simplest to see this is in the log-linear PIGLOG case when A(p) =0. Add and subtract
B(p(1))u(b) from the right-hand side of the expenditure function (16) to obtain:
x(2,1) =1In A(p(2)) + B(p(1)) Inu(b) + B(p(1))[Inu(r) - Inu(b)]
=In4,(p(®)) + B(p(1))Inu,(2)

putting In A,(p(?)) = In A(p(?) + B(p(?))In u(b) and In u,(?) = In u(z) — In u(b). Note that In u,(h) = 0 and
that 4,(p(¢)) is homogeneous of degree one in prices. So the new expenditure function with rebased
utility has the same properties as the original one.
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As a further step toward putting the demand system into a form which can be
estimated in practice, it is helpful to use (22) and (24) to write the equations for the
observed shares at time ¢ as:

(26) Si(t’t)zalnAb(P(t)) N ﬁ,-ln{ x(t, 1)/ x(b, b) }

dln (1) A,(p(1))/ 4,(p(b))
A, {h{ x(t, 1)/ x(b, b) }}2
Hk Yl UL A4, (p(0))/ 4, (p(b)) 1]
Here we have used the fact that, from (24), x(b, b) = Ax(p(D)).
One further result involving the interpretation of the Koniis price index is also

needed. From the definition of the Koniis price index, equation (2), and equa-
tion (24), we find that for the generalized PIGLOG system:

27) In PX(1, b, b)=In E(1, b)— In E(b, b) = In x(t, b) — In x(b, b)
=In4,(p(1)—1In 4,(p(b))

Substituting this into the share equations (26),

alnA (p(t)) 181 [x(t, 1)/ x(b, b)}
(1) ! PX (t,b,b)

2
. QLI. {ln[ x(l,Kt)/ x(b, b)}} .
]‘[k 0] P*(1,b,D)
The compensated shares can now be written as

(29) 5.1, b) = dln 4, (p(2)) B ln[ x(t, b)/ x(b, b)}

(28) NE

dln p,(1) P (t,b,b)
A {m[ x(t, b)/x(b, b)}}Z _ 3ln 4,(p())
| A0 PX(1,b,b) d1n p, (1)

where use has been made of (24) and (27). The notation can be simplified by
putting

x(t, 1)/ x(b, b)
PX(t,b,b)

[z(z, b))

z(t,b) = ln‘: =N 5
| A0

} and y(z, b) =
after which (28) and (29) (or (24)) become

dln 4, (p(2))
dln p,(2)

GBl)  s(tb)=s(t.0)-Bz(t,b)=Ay(t,b), i=1,2,....N;t=0,1,...,T

(30) 5(t,1) = +Bz(t, b)+ A, 1(1, b)
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The QAIDS specification of the real income terms, as in (30), will now be used
to show how the Koniis price index can be estimated in practice, when there are
too few observations to estimate all the parameters of the expenditure function.?

3.3. The Estimation Procedure

In order to implement the procedure outlined above for estimating the Koniis
price index, we need to estimate only the N f5; parameters and the N A; parameters
of equations (28); in both cases only N — 1 of these are independent because these
coefficients each sum to zero across the products. That is, 2(N — 1) parameters in
total need to be estimated or just two per share equation. These parameters
determine the consumer’s response to changes in real expenditure. We do not need
to estimate the much more numerous parameters which determine the response to
price changes. This is a huge reduction in the difficulty of the task.

Even if we need only the expenditure response parameters, how can we
estimate these while avoiding estimating all the other parameters of the system at
the same time? After all, if we just estimate the share equations with the price
variables omitted, then our estimates of the expenditure response will undoubtedly
be biased, since relative prices and real expenditures are likely to be correlated over
time (and across countries). The answer is to collapse the N — 1 relative prices in
the system into a smaller number of variables using principal components.?® We
can collapse the relative prices into (say) M principal components, where
M < N —1is to be chosen empirically.

The share equations (30) can now be written in a form suitable for economet-
ric estimation by replacing the individual price variables by principal components
and adding an error term:

(32) s =al+ 3" 6,PC.(1)+ (1, b)+ Ay(t, b)+e,(0),
i=1...,N;t=0,....,T

Here o is the base-year-dependent constant term (ziaf’ = 1); PCi(?) is the
k-th principal component of the N —1 relative prices; the 6; are coefficients
subject to the cross-equation restrictions zieik =0, Vk; &(1) is the error term. The
presence of the principal components in equation (32) means that the estimates of
the coefficients on z and y need not be biased as they would be if prices were simply
omitted.?

We have now reduced the problem to estimating a system of N -1
independent equations, each of which contains only M + 3 coefficients—the

2In principle the method developed here could be applied to the EASI demand system recently
proposed by Lewbel and Pendakur (2009). However, I have not been able to develop tractable
expressions for the semi-elasticities (the 7). From the point of view of the present paper, the EASI
system suffers from the disadvantage that exact aggregation does not hold: see Section 4 for discussion
of aggregation over consumers who may differ in income and in other ways.

2See Johnson and Wichern (2002) for a textbook exposition of principal components.

*The empirical flexibility of equation (32) could be increased by adding cubic and higher order
terms in z(z, b). But then the property of exact aggregation would no longer hold. See Section 4 for more
on aggregation.
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O« (M in number), «/, B and A.* The success of this strategy will depend
on whether the variation in relative prices can be captured by a fairly
small number of principal components—small that is in relation to the number
of time series observations, 7+ 1. This is obviously an empirical matter. At one
extreme, if there is little or no correlation between the prices over time (or
space), then the use of principal components yields no benefit. At the other
extreme, suppose that the demand system is specified in terms of the logs of
prices and that all relative prices are just loglinear time trends, though the
growth rate varies between prices. The evolution of relative prices can be written
as:

In[p,(1)/p(D]=pt, j=2,...,N,

where the y; are the growth rates and the first product is taken as the numeraire.
Assume too that the matrix A(p) takes the AIDS form:

In A(p) = o, + 2 o, In p, + (1/2)22 Y;Inpnp,

Za_lzyu zylj OJ/y yjl

Then in the i-th share equation (28) the price effects are

d1n A(p(1))

g "% Y g =0+ " v, Inlp,(0)/p (1))

=0, +t[2l2yij,uj] =, + 31, say

(Here we have used the fact that z =0.) In this case the effect of changing
relative prices is captured entirely by a tlme trend, with a different coefficient in
each share equation (subject to the cross-equation restriction that 2,-5i =0). So
just one principal component captures the whole variation in relative prices (i.e., in
this case M = 1). This is an extreme case and in practice we must expect that more
than one principal component will be required to capture the variation in relative
prices.*

The specification of the principal components depends on the demand
system chosen. If we chose the AIDS (and QAIDS) form for A(p), then it would
be natural to estimate the principal components in terms of log relative prices,
e.g. In(p/p1), j=2,...,N, taking the first product as the numeraire. Alterna-
tively, we might use the normalized quadratic of Diewert and Wales (1988), in

»This is not quite true since all the 3 appear in each equation via the denominator of y. We can
handle this by an iterative procedure: see below.

%In QOulton (2008), I applied the method to 70 products covering the whole of the U.K.’s Retail
Prices Index over 1974-2004. 1 found that six principal components were sufficient to capture 97.8
percent of the variation in the 69 log relative prices.
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which case the principal components would be estimated in terms of relative
prices (not in logs).

In estimating equations (32) econometrically, it is straightforward to impose
the adding-up and homogeneity restrictions on the coefficients; homogeneity is
imposed by using relative prices and adding-up is imposed by cross-section restric-
tions on the coefficients (these restrictions are automatically imposed by OLS). But
there is one loss from using principal components: we can no longer impose the
symmetry restrictions.”

Equations (32) are non-linear in the parameters of interest, since to measure
both z and y correctly it is necessary to know the Koniis price index, the object of
the whole exercise; in addition, to measure y we also need to know all the f; and A..
The solution is an iterative process, similar to the one described in the previous
section. Here the unknown parameters, the ; and A, are estimated jointly with the
compensated shares and the Koniis price index. The system consists of equa-
tions (25) and (32), and the equation for the Koniis price index, either equation (9)
if we use a compensated Tornqvist to approximate the Koniis, or equation (12) if
we use a compensated Fisher. The iterative process for some particular choice of
the base period is as follows:

1. Obtain initial estimates of the Koniis price index PX(z, b, b) and of the f3;
and A; coefficients. An initial estimate of PX(z, b, b) can be obtained from
equation (9) or equation (12) by using actual instead of compensated
shares (i.e., replace s{z, b) by s{¢, t) in the formulas). And for an initial
estimate of the f3;, set §;=0, Vi.

2. Derive estimates of z(t, b) =In[x(z, t)/P%(¢, b))] and of y(t,b)=
[z(t, b)*/T1, pP (), using the latest estimates of PX(z, b, b) and of the S
Using these new estimates of z and y, estimate equation (32) econometri-
cally, to obtain new estimates of the f3; and the A.

3. Using the new estimates of the §; and A, estimate the compensated shares
from equation (25). Then use the compensated shares to derive a new
estimate of the Kontis price index PX(z, b, b) from equation (9) or equa-
tion (12).

4. If the estimate of the Koniis price index has changed by less than a preset
convergence condition, stop. If not, go back to step 2.%

The algorithm can be rerun to generate estimates for any other base year.
Alternatively, the estimates of the f; and A; produced by the first run can be
plugged into the simpler algorithm of Section 3.1 to generate Koniis price indices
for any other base year.

YFor example, suppose that N =3 and that the special case of all relative prices changing at
constant rates applies. Then, dropping the third equation, taking the first product as the numeraire, and
imposing all the constraints, the relationship between the & and the 7y is as follows:
O = Yiollo — (i1 + Yi2)ls, 62 = Polds — (Yi2 + ¥22)ls. These relationships imply no further restrictions on &
and &. So we cannot test whether %, = y».

®This is the same as the Iterated Linear Least squares Estimator (ILLE) proposed by
Blundell and Robin (1999). They prove that the limit values of these parameter estimates are
consistent.
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3.4. Comparisons Across Space

The analysis carries over unchanged to the problem of estimating a cost of
living index and hence the standard of living across countries at a point in time.?
The solution for the Koniis price index given by equations (7) and (5) can be
applied directly in the cross-country context. Initially we must imagine a con-
tinuum of countries indexed by ¢, just as in Section 3 we imagined a continuum of
time periods. Then we consider discrete approximations; i.e. as before, equa-
tion (5) can be approximated by either (9) or (12).

One problem which is often said to arise in the cross-country but not the
inter-temporal context is that, unlike time, countries have no natural order. In the
present case this objection does not apply. Here the natural order for countries is
the ranking by real income (or real expenditure) per capita. Adopting this order
minimizes the gap between country ¢ and country 7 — land so should improve the
discrete approximation. It is true that the rank order is not known for certain in
advance, since the whole point of the exercise is to estimate the true standard of
living. But in practice the rank order is very similar whatever the deflator employed
(Oulton, 2012b). Alternatively, the ordering of countries could be determined by
the minimum-spanning-tree method suggested by and implemented on cross-
country data by Hill (1999). Then the links in the chain would be selected so as to
minimize the (compensated) Laspeyres—Paasche spread.

4. EXTENSIONS TO THE BASIC ANALYSIS

Section 3 offered a solution to the problem of estimating a true cost-of-living
index over time for a single representative consumer. I now consider two exten-
sions to the analysis. First, I consider the effect of relaxing the assumption of a
single representative consumer. I now assume that the aggregate data is generated
by heterogeneous consumers who differ in income. If the degree of inequality were
constant, the preceding analysis could stand unchanged. This may or may not be
a reasonable approximation in a time series context over a few decades. But in a
cross-country context the assumption is certainly problematic: countries differ
widely in the extent of inequality (Anand and Segal, 2008). So we need to extend
our framework to encompass this. Second, I consider aggregation over different
types of household.

4.1. Aggregation Over Rich and Poor Consumers

Let the population be composed of G groups. The groups are assumed to be
of equal size (e.g., percentiles, deciles, or quintiles), with the first group being the
poorest and the G-th group the richest. The fraction of households in each group

»See Hill (1997) for a survey of methods of making international comparisons; a general overview
was provided by Balk (2009). Caves et al. (1982) have applied chained superlative index numbers to
cross-country comparisons. Hill (2004) also estimates a chain superlative index but employs the
minimum-spanning tree approach to find the best links in the chain. Neary (2004) employed the World
Bank’s 1980 PPPs for 60 countries and 11 commodity groups to estimate a QAIDS; he then derived a
measure of real GDP per capita for the 60 countries. The World Bank’s current methodology for
deriving PPPs at the aggregate level is set out in World Bank (2008).
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is then 1/G. Let x, be mean expenditure per household in the g-th group. Within a
group, each household’s expenditure is the same, namely the group mean. The
share of product 7 in the expenditure of the g-th group, s, is then

— piq[g

Xe

where ¢, is the quantity per capita of the i-th product purchased by each member
of the g-th group. The share of the i-th product in aggregate expenditure is
therefore

Pq plq’g g=G x pzqtg g=G
33 5, === = W, S0
( ) i X z |:Gx xg 2g=1 grig
where wy, is the share of the g-th group in aggregate expenditure:
_ N &G _
(34) wemets X we=l

We assume that preferences have the Ernest Hemingway property: the rich
are different from the poor but only because the rich have more money.* So the
parameters of the expenditure function are the same for all households. All con-
sumers are assumed to face the same prices. So from (22) and adopting the QAIDS
formulation, the share of the i-th product in expenditure by the g-th group is:

dln A(p)

T bl T ﬁk{ln[ﬁ)}}z'

Using (33), the aggregate share equations are weighted averages of the underlying
equations for each group:

g =

_ dln 4,
(35) 5=2 " w,s, = BIllnp(p) BY. " w,Inx, ~ B In4,(p)

A. - -
+ W[ZZ? w,(Inx,)’ ~2In 4, (p)EZ:IG w, Inx, +[In 4,(p)]’ |

IT.. »*
The difference between this and our previous equation (22) is that instead of
the log of aggregate expenditure per capita, Inx =1In [Zf;c x,/ G], appearing on
the right-hand side, we now have the share-weighted average of log expenditure

per capita in each group, z w,Inx,; and instead of (In x)’°, we now have
2 w,(Inx, )2. The relatlonshlp between 2 w,Inx, and In x is, from (34),

3The well-known (though apparently fictional dialogue; Clark, 2008) runs as follows. Fitzgerald:
“The rich are different from us, Ernest.” Hemingway: “Yes, Scott, they have more money than we do.”
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Zzzlcwg Inx, = z;cwg In(w,Gx) = z;cwg Inw, +InG +Inx.

The first term on the right-hand side, 2 w,Inw,, is the negative of entropy
(ignoring an unimportant scale constant); 1t was suggested as a measure of inequal-

ity by Theil (1967, ch. 4). Define I = —z w, Inw, as entropy and define also the

related inequality statistic J = Z w,(Inw, )>. Substituting these into (35), we
find after some manipulation (see sectlon A. 3 of the Appendix) that

dln 4 (p)
©30) " oy, ﬁ{WJrln[A(p)}}

+__g%;:{nz+2{”’m{ ApJ}+{m[4;m}F}

where we have set Wi=In G—1 and W,=J-2IIn G+ (In G)>. In the case of a
perfectly equal distribution (when w, = 1/G), note that I=1n G, J = (In G)?, and
Wi=W>=0, so that (36) then reduces back down to the original QAIDS
formulation, equation (22). Compared to (22), there are two additional variables
in (36), W, and W>, though no additional parameters. These additional variables
may help to explain changes in shares, to the extent that inequality varies either
over time or across countries. Note too that in the simpler AIDS case (i.e., when
all the A, are zero), equation (36) simplifies to

X
+@%mG_”+mL@@J}

which contains just one additional variable (7).*!
By analogy with equation (32), equation (36) can be written in a form suitable
for econometric estimation as:

_dIn4,(p)

37 =
(37) = oy

i

(38) st =0, +Zk1 0, PC.(t)+Bw,(t, b)+Aw, (¢, b)+£,(2),
i=1...,N;t=0,...,T

where w; and w» are the expenditure variables corrected for income distribution
effects:

X
t,b)y=Ww,+1
w(t,b)=W, n[

b

)il:VVl +z(t,b)

and

3IThe role of Theil’s inequality measure, entropy (/), was discussed in Deaton and Muellbauer
(1980b, ch. 6, section 6.2). They derived a result equivalent to (37).
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wz(,,b):;{ww{wm[ x }}+{ln[ x }}}
1 o 4,(p) 4,)

W +2Wz(t, b) + y(2, b)
k=N By
Hk L Pr

The upshot is that the QAIDS can be parsimoniously extended to capture the
effect of income inequality. The additional empirical requirement is fairly modest:
we need to know the shares of different groups in aggregate expenditure, at a
reasonable level of detail.

4.2. Aggregation Over Different Household Types

Suppose there are a set of H characteristics that influence demand, in addition
to income and prices. These could include household characteristics such as
number of children, average age, and educational level, and also environmental
characteristics such as climate. Now the share equations of the QAIDS for the g-th
income group could be written as:

NI LV ATOIN . R | ——
(9 sg=en+ g, A [A(p)} Hk ’ 2 {1 [A(p)}} " 2 Ok

where K, is the level of the /-th characteristic in the g-th group; I assume that each
household in the g-th group has the same level of each of the K, as all the other
households in that group (this entails no loss of generality if there is only one
household in each group). The 6; coefficients must satisfy the adding-up
restrictions:

i=N
'0,=0, h=12.....H

(At some cost to parsimony, the model could be extended by interacting the
characteristic variables with income.) Again, underlying preferences are assumed
to be the same but people’s situations differ for various reasons, in the spirit of
Stigler and Becker (1977):% at the same incomes and prices, people in cold climates
buy more winter clothes. We can aggregate equation (39) over the income groups
to obtain the same result as (36), but with an additional term:

h=H
+2 h=1 Gih Kh’

where K, z K,,- Now Kj is a weighted average of the level of the /-th
characterlstlc in a partlcular country (time period). The only difficulty from an
empirical point of view is that it is an income-weighted, not a population-weighted,
average. So, for example, if the rich have fewer children than the poor nowadays,

3>This approach seems likely to be more fruitful in the present context than assuming that tastes

may differ; the latter approach is taken by van Veelen and van der Weide (2008).
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then using the mean number of children per household as a measure would be a
misspecification when estimating share equations from aggregate data.

5. Cost FuNcTIONS: ESTIMATING INPUT-BIASED SCALE ECONOMIES AND
TecHNICAL CHANGE

In this section I consider the parallel problem of estimating an input price
index and technical change when the cost function is not homothetic. Now both
economies of scale and technical change may be input-biased. I assume that the
typical firm is a price taker in input markets and wishes to minimize costs. We can
write the cost function in general as:

(40) x=C(p,Y,1).

Here output (Y) plays the role of utility in the expenditure function. While
formally this makes no difference, there is a big difference empirically since output
is objectively and directly measurable (at least in principle) while utility is only
indirectly measurable. The presence of time (¢) as an indicator of technical change
in the cost function also has no counterpart in the theory of demand.

By analogy with equation (18), we can use a generalized PIGLOG
formulation:

B(p)InY

41 Inx=1 Y,t)=InA4
@) I =InCp.Y.0 =A@+

+ By InY +pu(p)+ut,

where Y'is output, x = zi p.q; 1s total expenditure on the inputs ¢;, and as before
B(p) > 0 is homogeneous of degree one in prices and A(p) = 0 is homogeneous of
degree zero in prices. There are two new elements here. First, the parameter By
measures overall economies of scale. When there are no input biases, i.e. B(p) = 1
and A(p) =0, then By=0 implies constant returns to scale and By <0 implies
increasing returns. In this case the cost function is homothetic but not necessarily
homogeneous of degree one in output. Second, the last two terms on the
right-hand side of (41) measure technical change. Neutral technical change is
measured by the parameter y, (1, < 0 implies that technical change is positive);
input-biased technical change is measured by the function u(p). By analogy with
Ap), u(p) could be specified as

k= k=
(42) up=Y"mnp, Y " u =0

Under this specification, and with B(p) and A(p) defined as earlier for the
generalized PIGLOG (see (20) and (21)), the share equations are now given by:*

3These are cost shares, not revenue shares. In the presence of economies of scale there may be
monopoly power, so profit is above the competitive level. I assume that the competitive rate of return
to capital is known so that it is possible to calculate competitive rental prices for capital inputs; see
Oulton (2007) for alternative ways of doing this.
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@3) S}_&lnCzalnA(p)+ﬁ.[ B(p)lnY }L A, [ B(p)lnY Tﬂ”

“dlnp, dlnp, 1-A(p)InY | B(p)L1-A(p)InY

The parameters ; and A; now measure input bias in scale economies. If they are all
zero there is no bias and the degree of returns to scale is measured just by By. The
parameter y; measures the bias in technical change against input i: 1; < 0 would
imply that technical change is biased in favor of input i.

If our goal is to estimate the degree of economies of scale and the rate of
technical change, the parameters of interest in the cost function can be estimated
by a simpler method than in the case of the expenditure function. We can consider
equation (43) as a regression equation by adding an error term, in the same way as
we did to obtain equation (32) above for the expenditure shares. After replacing
the price variables in (43) by principal components, we can then estimate the 3, A
and 1; by a similar iterative process to the one set out in Section 3, while imposing
the appropriate cross-equation restrictions. Next, the degree of scale economies
and the rate of neutral technical change can be estimated by differentiating the cost
function (41) totally with respect to time, using (42), applying Shephard’s Lemma,
and rearranging:

dl i=N dln p, i=N
(44) %ﬁl‘)_ziﬂ Si(ts t)(%(t))_zi_l ,uilnpi([)

_{ B(p(t)) 2}(dlnY(t)):‘ut+ﬁy(dlnY(t))
[1-A(p(t)InY (1)] dt dt

Everything on the left-hand side is now measurable and the only unknowns
are the coefficients u, and By on the right-hand side. So (44) can be considered as
a regression equation and used to estimate these remaining unknowns.*

The compensated shares, holding output constant at its level in period b, are

(45)
= 24O 5T BOOY®) |,k [ BGOW® T,
dln p, (1) 1-A(p()InY(b)] B(p(1))L1-A(p(1))InY (D)
_amaga)
dln p,(1)

setting In Y(b) = 0. So the relationship between the actual and the compensated
shares is

B(p())InY(2) }_ A { B(p(1))InY (1) T
1=A(p@)InY ()] B(p@)L1-A(p(1)InY ()

and the compensated shares can be used to construct a Koniis index of input
prices.

(46) Si(ta b):Si(Z9 t)_ﬁi[

*Actually, overall technical change is not separately identifiable from biased technical change.
Any non-zero estimate for u, can be absorbed into the y; by relaxing the constraint that 2’ u,=0.

i

© 2012 The Author
Review of Income and Wealth © International Association for Research in Income and Wealth 2012

448



Review of Income and Wealth, Series 58, Number 3, September 2012

The analysis of inequality in Section 4 can also be applied to the cost functions
of firms, if the size distribution varies over time or across countries. Entropy (/)
and the related statistic J would now appear in the share equations (43), just as
they do in (36).

6. APPLYING THE METHOD: TRUE PPPs For 141 CoUNTRIES AND 100 PRODUCTS

In this section I outline briefly how the algorithm developed in previous
sections was employed to measure true (Koniis) PPPs for 141 of the 146 countries
included in the latest, 2005 round of the World Bank’s International Comparison
Program (ICP): see Oulton (2012b) for a full account. The aim was to construct a
measure of the standard of living for each country, defined as real household
consumption per head, in other words household consumption per head measured
in local currency units deflated by a true (Koniis) PPP.

6.1. The 2005 Round of the ICP

The 2005 round of the ICP was the most comprehensive to date. It included
146 states or territories comprising 95 percent of the world’s population (6.128
billion people); see World Bank (2008). The ICP gathered price data and corre-
sponding expenditures for 129 “Basic Headings” (products) covering the whole of
GDP. An example of a Basic Heading is “Rice”; another is “Bread,” and a third
is “Cultural services”; see Oulton (2012b, table A.1) for the full list of Basic
Headings.

The Final Report (World Bank, 2008) contains estimates of PPPs for GDP as
a whole and for various major aggregates like “Individual Consumption Expen-
diture by Households,” for each of the 146 countries. These high level PPPs were
derived as multilateral index numbers over the lower level PPPs which were at the
Basic Heading level. The PPPs at the Basic Heading level and the corresponding
expenditures were not published and are unfortunately confidential. However the
World Bank kindly made these data available to me. This dataset consisted of
expenditures (in local currency units) and corresponding PPPs (expressed as local
currency units per U.S. dollar) for each of the 146 countries and for each of the 129
Basic Headings which make up GDP, with no missing values; population in 2005
was also supplied.

Here we are concerned only with expenditures which fall within the category
dubbed “Individual Consumption Expenditure by Households,” comprising 106
Basic Headings. For some Basic Headings a large number of countries reported
zero expenditure. Examples are Net Purchases Abroad and FISIM. These were
excluded from the definition of household consumption. A few other Basic Head-
ings were aggregated together. The final number of Basic Headings included in the
demand system was exactly 100. Each country’s household consumption was
defined to be the total of spending on these 100 products. Five countries had an
implausibly large number of Basic Headings where expenditure was reported to be
zero, even though PPPs were supplied in all cases. I therefore excluded these five,
leaving 141 countries.
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6.2. Models

Based on equations (32) and (38), four models were fitted to the data. The
models are distinguished by the expenditure variables included on the right-hand
side and by whether or not allowance is made for within-country inequality:
ModelI.  Simple (linear) PIGLOG: equation (32) with A, = 0, Vi; z is the only real

income variable, i.e. no allowance for within-country inequality.
Model II.  Simple (linear) PIGLOG with allowance for within-country inequality:
equation (38) with A;=0, Vi; w; is the only real income variable.
Model III. Generalized (quadratic) PIGLOG: equation (32); z and y are the real
income variables, i.e. no allowance for within-country inequality.
Model 1V. Generalized (quadratic) PIGLOG with allowance for within-country
inequality: equation (38); w, and w;, are the real income variables.

In addition to the expenditure variables, each model included 24 principal
components of the 99 log relative prices; these principal components accounted for
91 percent of the variation in the log relative prices. (The first principal component
accounted for 36 percent and the first ten accounted for 80 percent of the
variation.)

6.3. Background Variables

Because of the huge variety of countries included, it was thought necessary to
gather a large number of background variables, in fact all variables which might
conceivably influence spending patterns apart from prices and incomes. But a
constraint was the need for the variables to be available for all the 141 countries.
The variables which I was able to find fell into nine categories: climate (5 vari-
ables); religion (4 variables); hegemony and culture (7 dummy variables); health (3
variables); urbanization (1 variable); openness to trade (1 variable); demography
(2 variables); inequality (2 variables); and World Bank ICP region (5 dummy
variables). Preliminary testing found that the background variables were collec-
tively significant and possessed considerable explanatory power. So these 30 vari-
ables were included in all the results reported below.

6.4. The Results

The demand system was estimated by OLS which automatically imposes the
adding-up restrictions on the coefficients. Since the same variables are included in
all equations, OLS is equivalent to SUR here. The algorithm set out in Section 3.3
was applied with 60 iterations. For all four models, the mean R* across the 100
share equations was about 0.58. The number of estimates of the coefficients on
expenditure which were significant at the 5% level was considerably greater than
would be expected on a chance basis; e.g. for model IV, wy is significant at the 5%
level in 18 cases and w, in 12 cases, when by chance (at the 5% level) we would
expect only 5 cases for each. This confirms the empirical importance of non-
homotheticity in consumer demand.

Chained Tornqvist price indices were then calculated using compensated
shares. The compensated shares are derived from equation (31), modified by the
inclusion of the effects of background variables. The background variables can be
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set to the levels of the base country or to the world average levels. But given the
model, there was little difference between the results under these two choices, so
only results for the first choice are presented here.

Any one or all of the 141 countries could be chosen as the base country. In
fact, two countries were chosen, the poorest and the richest. The poorest country
as measured by real household consumption per head (whatever deflator is used
for nominal consumption) is the Democratic Republic of Congo (DRC) and the
richest is the United States.

The results are summarized in Table 1 which compares Koniis estimates of
the standard of living in these 141 countries for each of the four models with
estimates based on conventional chained, bilateral, or multilateral index numbers.
In all cases the reference country is the DRC, but for the Koniis indices the base
country is either the DRC or the U.S. The Koniis estimates are constructed as
nominal household consumption per capita deflated by a chained Tornqvist price
index (PPP); the latter employs compensated shares estimated by one of models
[-1V. Though the results are similar for all four models, more attention will be paid
to model IV which, being more general, is preferred on theoretical grounds.

All the conventional indices use actual shares. There are two multilateral
indices. The first uses the World Bank’s own deflator for Individual Consumption
Expenditure by Households (an aggregate which is very similar but not identical to
my household consumption); this is a multilateral index number but one which
preserves “regional fixity” among the six ICP regions: i.e. the relative position of
countries within an ICP region is not affected by the results for countries outside
that region. The second is my own estimate: an EKS Fisher index for household
consumption, which turns out to be very similar to the World Bank’s index. The
two bilateral indices use first, U.S. actual budget shares as weights to construct the
deflator (a Laspeyres price index), or second, each country’s own actual budget
shares as weights (a Paasche price index); recall that the U.S. is the reference
country for PPPs.

The first point to note from Table 1 is that all the Koniis measures of the
standard of living show greater inequality across the world than do the multilateral
indices, whether the World Bank’s or my own. The standard deviation and the
maximum are in all cases higher. By considering the ratio of the maximum to the
median and of the median to the minimum, we can see that on the Koniis mea-
sures, the upper half of the global income distribution is stretched out compared to
the conventional multilateral measures. The rank order however is very similar
whichever deflator is used.

Second, summary statistics for all the Koniis measures lie close to or above
those of the bilateral measure using actual U.S. weights (QF, where deflation is by
a Laspeyres price index), and all are substantially above those of the bilateral
actual measure using each country’s own actual weights (QF, where deflation is by
a Paasche price index). By contrast the two multilateral indices can be seen to lie
squarely within the bilateral Laspeyres—Paasche spread (where all indices use
actual shares).

Third, irrespective of the base, the Koniis measures display greater inequality
and a wider gap between the richest and the poorest, than does a conventional
chained Térnqvist index (Q“""), or a conventional chained Fisher (Q“*). This is
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TABLE 1

REAL HouseHOLD CONSUMPTION PER CAPITA FOR 141 COUNTRIES: COMPARISON OF KONUS PPPs AND
CONVENTIONAL PPPS AS DEFLATORS, SUMMARY STATISTICS (POOREST COUNTRY IS REFERENCE, LE.
DRC = 1; BASE COUNTRY IS EITHER THE DRC OR THE U.S.)

(A) Koniis Indices: Poorest Country (DRC) is Base and Reference

Background
HC per Head Variables Level Mean Median S.D. Minimum Maximum
Model I: Qfmc DRC 54.6 24.6 60.5 1.0 243.6
Model II: QF . DRC 58.4 26.4 64.8 1.0 261.5
Model 11I: QX xc DRC 529 24.4 58.5 1.0 237.5
Model IV: QX ¢ DRC 56.0 26.0 61.8 1.0 249.6
(B) Koniis Indices: Richest Country (U.S.) is Base; DRC is Reference

Background
HC per Head Variables Level Mean Median S.D. Minimum Maximum
Model I: QFs U.S. 66.4 27.1 75.2 1.0 307.7
Model II: QF ¢ U.S. 59.3 24.0 67.3 1.0 2717.5
Model III: QI};I us U.S. 69.0 28.1 78.3 1.0 320.5
Model IV: QX U.S. 59.8 245 673 1.0 275.6
(C) Conventional Indices: DRC is Reference
HC per Head Mean Median S.D. Minimum Maximum
World Bank (multilateral): - 51.8 29.0 54.9 1.0 235.9

WB
Conventional multilateral - SL.5 28.2 53.8 1.0 2239
(EKS Fisher): Q%S

Bilateral (own weights): Q" - 48.0 28.0 46.9 1.0 190.6
Bilateral (U.S. weights): OF - 51.1 26.8 56.8 1.0 247.8
Chained Térnqvist: Q"7 - 33.5 21.3 30.9 1.0 135.5
Chained Fisher: Q9 - 50.1 28.6 51.5 1.0 217.2

Notes: Each index (Q) uses the same nominal total, household consumption in local currency units
(HC) per capita in 2005, but deflators vary. In symbols, Q = HC/P, where the deflator P is either Koniis
or conventional; superscripts indicate the type of index and subscripts the model and base, e.g.
Q,If/YUS = HC/P,,If,US. HC is the sum of expenditure on Basic Headings 1-102, 104 and 105, 100 products
in all: see appendix table Al of Oulton (2012b) for the list of Basic Headings. Memo item: HC per
capita in the U.S. in 2005 was $29,024.

Koniis indices. Koniis indices are HC per capita deflated by a Koniis price index estimated by a
chained Tornqvist index using compensated shares as weights; the compensated shares use the utility
level of either the poorest country (the DRC) or the richest country (the U.S.). Alternative estimates of
the compensated shares are derived from four regression models, I-1V, with background variables
included: see text for full description.

Conventional indices. “World Bank (multilateral)” is HC per capita deflated by the World Bank’s
PPP for Individual Consumption by Households. “Bilateral (own weights)” is HC per capita deflated
by a Paasche price index which uses each country’s actual shares in turn to weight the PPPs. “Bilateral
(U.S. weights)” is HC per capita deflated by a Laspeyres price index which uses actual U.S. shares.
“Conventional multilateral” is HC per capita deflated by my own estimate of a multilateral (EKS
Fisher) price index for HC, again employing actual shares.

Source: Unpublished World Bank spreadsheet from the 2005 ICP and own calculations: see Oulton
(2012b) for full details of sources and methods and individual results for each of the 141 countries.

surprising: we might have expected that if inequality on the Koniis measure with
the poorest country as base (e.g. Q) ppc) is greater than on the conventional
measure, then it will be lower when the richest country is the base (e.g. Oy prc)-
This guess would be correct if the Koniis measures were bilateral ones. But here
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they are chain indices and the result in Table 1 is quite possible; see Oulton (2012b)
for a discussion.

The Koniis measures generally lie within the spread between a compensated
Laspeyres and a compensated Paasche, as required by Proposition 2 above. For
model IV there are no violations of either the chain or bilateral bounds when the
DRC is the base. When the U.S. is the base, 10 countries violate the bilateral
Laspeyres lower bound, by an average of 7 percent; 3 countries violate the Paasche
upper bound by an average of only 1 percent.

But we must also take account of the restrictions implied by the well-known
Koniis (1939) inequalities relating the Koniis to actual Laspeyres and Paasche
indices: these are stated in equation (15) in Section 3. They imply that when
household consumption is deflated by a bilateral Laspeyres price index, which
weights individual PPPs by actual U.S. shares, the result is a lower bound to the
Koniis measure with the poorest country taken as the base. In the notation of
Table 1:

L K
Q" <0 ke

Also, when household consumption is deflated by a bilateral Paasche price
index, which weights individual PPPs by each country’s own actual shares, the
result is an upper bound to the Koniis measure when the richest country is taken as
the base:

0" >0l

Using the theoretically preferred model IV, seven countries (all within the
OECD-Eurostat group) infringe the Paasche upper bound, though by an average
of only 2 percent. But 49 countries infringe the Laspeyres lower bound, by an
average of 8 percent. However, if we adjust for these infringements by setting the
Koniis measure equal to the Laspeyres bound in these cases, we find that the mean
is now 56.5, the median is 27.0, the standard deviation is 61.9, and the maximum
is 247.8, little changed from the unadjusted values. The conclusion then remains
that global inequality in living standards is higher than suggested by conventional
multilateral indices.

7. CONCLUSIONS

An algorithm which generates Kondis price indices when demand is not homo-
thetic has now been presented. We have shown that it can be applied in both time
series and cross-section. It is not dependent on the assumption of a representative
consumer but can be extended to the case where income levels and other charac-
teristics differ between consumers. The same algorithm can be applied to the
parallel problem of estimating a true index of a producer’s input prices and of
technical change in the presence of input-biased economies of scale. The algorithm
involves some econometric estimation but uses exactly the same price and quantity
data as are required for conventional index numbers. The advantage of the algo-
rithm is that it does not require the estimation of a complete system of consumer
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(or producer) demand, but only the consumer’s responses to expenditure changes.
So it can be applied at a very disaggregated level. And no restrictive assumptions
about preferences (such as separability) are needed.

The algorithm has been illustrated by applying it to the problem of measuring
the standard of living across 141 countries covered by the World Bank’s latest ICP,
at the level of 100 products within household consumption. Compared with con-
ventional multilateral indices, the Koniis measures show significantly higher global
inequality.

It is now time to consider some limitations of the analysis and some unan-
swered questions. If we are trying to measure the standard of living, then our
maintained hypothesis must be that tastes are identical. Otherwise the relative living
standards of (say) Bangladeshi peasants and American investment bankers must be
regarded as simply incommensurable. But the assumption of identical tastes might
be considered overly strong. Is an intermediate position possible, in which tastes are
identical at some comparatively high level, but might differ at a lower one? For
example, the taste for hot, non-alcoholic beverages might be universal even though
(at identical incomes and prices) some people prefer tea and others coffee.

A related and unanswered question in the theory of demand and production
is, at what level of aggregation is the analysis supposed to apply? It is hard to
believe that there exists a stable structure of preferences (common to all time
periods and all countries) at a very detailed level, such as individual brands of
breakfast cereal. Equally, it is not obvious that “food” is the right level either, since
food items range from necessities (bread) to luxuries (caviar). In practice, the level
of aggregation is often chosen on pragmatic grounds, to obtain sufficient obser-
vations to estimate the parameters of interest. Resolution of these issues must
await further research.
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