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EXTRAPOLATION OF PURCHASING POWER PARITIES USING

MULTIPLE BENCHMARKS AND AUXILIARY INFORMATION:

A NEW APPROACH

by D. S. Prasada Rao,* Alicia Rambaldi and Howard Doran

University of Queensland

The paper presents an econometric framework for the construction of a consistent panel of purchasing
power parities (PPPs) which makes it possible to combine all the PPP benchmark data from various
phases of the International Comparison Program with the data on national price movements in the form
of implicit deflators from national accounts. The method improves upon the current practice used in the
construction of the Penn World Tables (PWT), and similar tables produced by the World Bank which
tend to be anchored on a selected benchmark. The econometric formulation is based on a regression
model for the national price levels where the disturbances are assumed to be heteroskedastic and spatially
correlated across countries. The regression model along with data on country specific price movements
are combined using a state–space formulation and optimum predictions of PPPs are obtained. As a
property of the method presented in the paper, we show that the resulting PPP predictions are weighted
averages of extrapolations of PPPs from different benchmarks—thus the method provides a formal
approach which has a simple intuitive interpretation. The smoothed PPP predictions (and standard
errors) obtained through the state–space are produced for both ICP-participating and non-participating
countries and non-benchmark years. A complete tableau of PPPs for 141 countries spanning the period
1970 to 2005 is compiled using the method. Results for some selected countries are presented and the new
series are compared and contrasted with the currently available PWT series. Extrapolated series for the
remaining countries are available from the authors upon request.

1. Introduction

In the current global economic climate there is an increasing demand for
internationally comparable data on major economic aggregates such as gross
domestic product (GDP), private and government consumption, and gross fixed
capital formation. Over the last four decades, there has been a consensus that
market exchange rates are not suitable for converting economic aggregate data
from different countries expressed in respective national currency units.1 Instead,
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1For a detailed discussion of the issues relating to the use of exchange rates, the reader is referred
to Kravis et al. (1982) as well as the ICP Handbook available on the World Bank website. In addition,
the most recent publication from the Asian Development Bank on the 2005 comparisons in the Asia
Pacific (Asian Development Bank, 2007) also provides an in-depth discussion on the use of exchange
rates and purchasing power parities.
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purchasing power parities (PPPs) of currencies which measure price level
differences across countries are considered more appropriate for converting
nominal aggregates into real terms.2 PPP-converted real per capita incomes are
used in influential publications like the World Development Indicators of the
World Bank (World Bank, various years) and the Human Development Report
(UNDP 2006) which publishes values of the Human Development Index (HDI) for
all countries in the world. The PPPs are also used in a variety of areas, including:
the study of global and regional inequality (Milanovic, 2002); measurement of
regional and global poverty using international poverty lines like $1/day and
$2/day (regularly published in the Word Development Indicators, World Bank);
the study of catch-up and convergence in real incomes (Sala-i-Martin, 2002; Barro
and Sala-i-Martin, 2004; Durlauf et al., 2005) and issues surrounding carbon
emissions and climate change (Castles and Hendersen, 2003; McKibbin and
Stegman, 2005). Macroeconomic analyses and growth and convergence studies
rely on panel data on PPPs with a good coverage of countries and period.

The principal source of information on PPPs for the whole economy has been
the International Comparison Program (ICP). The data-intensive nature of the
ICP and the need to undertake complex price surveys has meant that the ICP could
be conducted roughly once every five years. The project began as a research project
at the University of Pennsylvania which focused on 10 countries for the bench-
mark year 1970; the ICP concluded the 2005 round early in 2008,3 with an impres-
sive coverage and 146 participating countries.4 However, the coverage for the
intermediate benchmark years has not been that comprehensive. The last ICP
round with a global coverage was the 1993/1996 round though the comparisons for
this benchmark year can best be described as regional. Details of the country
participation in different benchmarks are presented in the Appendix, Table A1.5

Given the sparseness of the panel of PPPs available from the ICP, researchers rely
heavily on PPPs and real income data available in the form of Penn World Tables
(PWT) (PWT 6.2 are available at: http://pwt.econ.upenn.edu6) and from alterna-
tive sources such as the World Development Indicators (World Bank, various
issues) and the Maddison series (GGDC, 2008).

The basic approach used in generating a panel of PPPs covering a large number
of countries spanning a long period involves two major steps. In the first step, PPPs
for the participating countries from a given benchmark year are extrapolated to
yield PPPs for non-participating countries; and in the second step, these PPPs for the
benchmark year are extrapolated using country-specific GDP deflators from
national accounts data to produce the tables. The actual implementation of these

2Nominal values refer to aggregates expressed in national currency units, and, in contrast, real
aggregates are obtained by converting nominal values using PPPs. These are termed “real” since the use
of PPPs eliminates price level differences.

3See www.worldbank.org/data/icp for a copy of the final report of ICP 2005.
4Details of the history of the ICP and its coverage are well documented in the recent report of the

Asian Development Bank (http://adb.org/Documents/Reports/ICP-Purchasing-Power-Expenditures/
default.asp).

5Details presented in the Appendix are for only those countries included in our study.
6The popularity of the PWT is reflected in the vast number of citations made to Summers and

Heston (1991). PWT version 6.3 was released after the work on the paper had been completed.
Therefore, we use only PWT 6.2 in this paper.
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steps in the construction of PWT 6.2 can be found in Heston et al. (2006).7 Similarly,
the currently available World Bank series on PPP-converted real per capital income
are anchored solely on the latest benchmark year, 2005.

From this approach we observe that such extrapolations based on a single
benchmark tend to ignore a wealth of information on PPPs contained in the
remaining benchmarks. In fact each benchmark can be used in generating a separate
panel of PPPs and these panels can differ significantly due to the inherent time–space
inconsistency and the divergence between the implicit growth rates derived from the
country-specific GDP deflators and the price movements implied in the PPPs
compiled from different benchmarks. An obvious solution to this problem is to
construct a single panel of PPPs derived as a weighted average of the different panels
derived based on different benchmarks. This approach was described as the consis-
tentization approach advocated in Summers and Heston (1991).8 While the use of a
weighted average is an attractive solution to the problem, as it makes use of
information from all the benchmarks, the mechanism of selecting the weights
accorded to extrapolations from different benchmarks is not clear.

In this paper we provide a formal framework for implementing this strategy
whereby PPP data from several benchmarks can be used in conjunction with data
on national price movements implicit in the national GDP deflators. The panel we
seek to construct consists of countries that may or may not have participated in the
benchmarks. In identifying the framework, we trace the essential elements
involved in the process. The first element is the extrapolation of PPPs observed for
countries participating in a given benchmark year to the non-participating coun-
tries. Next, we consider the process of updating PPPs in a given year using national
level price deflators. The last element represents the optimal9 predictors of unob-
served PPPs for non-participating countries and non-benchmark years.

The econometric approach pursued in this paper combines all these elements
and executes them in a single step. The approach proposed in the paper makes use
of a state–space formulation which is designed to generate predictions of PPPs,
along with their standard errors, over time and across countries that are broadly
consistent with benchmark data on PPPs and observed country-specific price
movements.

The main objective of this paper is to outline this approach and show10 that
the optimal predictions of unobserved PPPs are indeed “weighted” averages of
PPPs obtained by extrapolating PPPs from benchmark years to non-benchmark
years. The weights are endogenously determined, which eliminates the need to use
guesswork in assigning weights to different benchmarks available in the dataset.

7The actual approach for PWT is more complicated as extrapolations are undertaken for the
Consumption, Investment, and Government components separately and then combined using the
Geary–Khamis aggregation method. The discussion is limited to one aggregate as the focus of the paper
is on PPPs only at the GDP level. Other series which focus only on GDP include the World Bank’s
series published in the World Development Indicators (WDI, various issues) and the Maddison series
(Maddison, 1995, 2007).

8A recent paper by Hill (2007) also revisits the problem of consistentization. However, this paper
uses a different stochastic model and does not address the issue of extrapolation to non-benchmark
countries.

9Optimal here is used in a statistical sense, implying that the predictions derived from the
procedure possess minimum mean squared errors—a criterion commonly used in producing forecasts.

10We provide a rigorous analytical derivation of this result.
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The paper is then mainly devoted to a description of the regression methodology
used for the purpose of extrapolating PPPs to non-benchmark countries in a given
year and the procedure used in generating optimal predictions of the unobserved
PPPs which are used in filling the incomplete tableau of PPPs implied by the ICP
benchmark data. The results presented here refer to a specific version of the more
general model proposed by Rao, Rambaldi, and Doran (2008) (RRD). These
results resemble closely to those approaches that have been discussed above.

The paper implements the new econometric methodology on a dataset that
covers 141 countries over the period 1970 to 2005. There are 110 of the included
countries that participated in the 2005 round of the ICP. A panel of PPPs is
constructed for all countries in the sample. The sensitivity of the extrapolated PPPs
is examined through a comparison of the panels with and without the 2005
benchmark data. The results show an encouraging degree of robustness to the
inclusion of the 2005 data.

The paper is organized as follows. Section 2 briefly describes the econometric
method proposed in the paper, and the basic assumptions underlying the stochas-
tic specification are discussed in detail. Section 3 is devoted to a formal description
of our approach and then presents, in Section 3.3, an analytical proof establishing
that the predictions generated from our model are weighted averages of the tab-
leaus generated through extrapolations from each of the benchmarks. We discuss
the nature of the weights accorded to different benchmarks. Section 4 describes the
data used in the empirical exercise. In this section we discuss the variables included
in the basic regression model and highlight the specification of the spatial auto-
correlation matrix used in modeling disturbances in the regression model. In
Section 5 we present the optimal predictors of PPPs generated using our method-
ology and discuss the implications. Due to limitations on the length of the paper,
we focus on a selected set of countries across the developed and developing world,
but a complete set of results generated using our method are available from the
authors upon request. The extrapolated PPPs are presented along with estimates
from PWT 6.2. In Section 6 we offer a few concluding remarks.

2. The New Approach

The approach outlined in this paper is designed to take into account all the
available information from all the benchmarks in the process of finding optimal
predictors of the missing elements of the panel of PPPs. The steps and components
used in the new approach are quite similar to those used in the PWT or by the
World Bank but the novelty of the approach is in combining all these steps to
produce predictions of PPPs. These steps are discussed below.

The main variable of interest is denoted by pit = ln(PPPit) for country
i = 1,2, . . . , N and time t = 1,2, . . . T, where PPPit represents the purchasing
power parity of currency of country i, expressed in terms of the currency of a
reference country.11 In this paper the U.S. is used as the reference country for the
purposes of illustration and the results presented here are invariant to the choice of

11Throughout this paper, we use italics for scalars and bold letters to represent vectors and
matrices. Also note that PPP is used as an abbreviation for purchasing power parity of a currency.
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reference country. This means that if the PPP data were expressed relative to
another reference country, say the U.K., then the extrapolations generated would
be identical to those derived using the U.S. as the reference currency after rebasing
the results.12

2.1. PPPs Compiled by the ICP for Various Benchmarks

The first source of data used in our method is the ICP which provides PPPs for
different benchmarks and for the countries participating in these ICP benchmarks.
The main difference between our approach and the previous approaches is that we
consider the ICP PPPs to be observations on unknown PPPs with a measurement
error incorporated. For a given country i participating in the benchmark year t, we
let � �p PPPit it= ( )ln be the logarithm of the ICP benchmark observation on the PPP
for country i. Then, the ICP benchmark observations are related to the true, but
unknown, PPPs through the following equation:

�p pit it it= +ξ(1)

where pit = ln(PPPit) with PPPit representing the true but unknown PPP for
country i in period t; and xit is a random error accounting for measurement error
with E(xit) = 0. Several implications of (1) are presented and discussed below.

While equation (1) simply means that the true PPPs are observed with error,
it can allow considerable flexibility into our model through the magnitude of xit. If
we believe that PPPs within the ICP are measured without error and therefore the
expectation is that any extrapolation method should track the ICP based PPPs (i.e.
extrapolated PPPs should be exactly equal to the ICP PPPs) then it is possible to
impose this in our model by making Var(xit) equal to zero or for practical purposes
choose a value close to zero.13

We now turn to the specification of the variance–covariance terms involving
the disturbance term, xit for different countries i for a given time period t. The basic
assumption is that the PPP of the currency of each country is expressed relative to
a numeraire (here we consider this as unspecified) and its variance (reciprocal of
reliability) is directly related to per capital income.14 Therefore, we postulate that

Var p
GDPi

R
i i

i

( )( ) = = ×σ σ σ2 2 2 1
and(2)

12This basically means that the PPPs generated from our method will satisfy the same property of
base invariance exhibited by the PPPs from the ICP. A mathematical proof of this property is provided
in appendix 3 of RRD.

13The flexibility accorded by this specification allows us to compile extrapolations where the
benchmark PPPs are preserved or whether the extrapolations can deviate from the benchmarks but
preserve observed movements in relative price levels in different countries. This is an important
property of the method proposed here.

14We use the nominal measure of per capita income obtained by converting per capita incomes
using exchange rates. Expressing these in $U.S. using market exchange rates will accentuate the
difference between developed and developing countries and thus provide us with a suitable measure-
ment of the desired effect.
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where pi
R( ) represents the PPP of i in terms of a numeraire country, R; and GDPi

is the nominal gross domestic product per capita of country i derived using
exchange rates.15 Now we consider �pit which represents the PPPs expressed using
the U.S. as the numeraire country. Without loss of generality we denote the
reference country U.S. as country 1. Then we have

� �p p p pit it
R

t
R

t= − =( ) ( )
1 1

160and therefore, , .

Further, the variance structure for the PPPs expressed relative to country 1 as the
numeraire is given below. By definition, variance attached to the PPP of the
reference country is equal to zero. We have

Var p
Var p Var p p Var p Var p

t

it it
R

t
R

it
R

�
�

1

1 1

0( ) =
( ) = −( ) = ( ) −( ) ( ) ( )

;

tt
R

i

it jtCovar p p

( )( ) = +
( ) =

σ σ
σ

2
1
2

1
2

;
.

and
� �

(3)

Basically this means that the standard error (square root of variance) associated
with PPP for country i in period t incorporates the uncertainty associated with the
PPP for country 1 which is used as the reference currency. This leads to a general
covariance matrix of the form

Var
diagt

t t t Mt

�p
0

0
( ) =

+ ( )
⎡
⎣⎢

⎤
⎦⎥

0

1
2

2
2

3
2 2σ σ σ σ, . . .

.

This formulation of the variance structure provides for a simple interpretation of
the standard errors usually reported. It is important to note that the standard error
associated with the PPP of the currency of a given country explicitly incorporates
the uncertainty associated with the PPP of the reference country. This formulation
of the covariance structure is also an essential element in ensuring that the meth-
odology proposed here is invariant to the choice of the numeraire country (see
RRD for technical details and a formal proof of this statement17).

2.2. Extrapolation to Non-Benchmark Countries: A Regression Model of
National Price Levels

The second component of our methodology is the same as the one that is used
in the construction of the Penn World Tables (Summers and Heston, 1991; Heston
et al., 2006) as well as the approach followed by the World Bank in the extrapo-
lation of the benchmark PPPs for countries not participating in the benchmark.
Our approach draws on the extensive literature on the theories that purport to
explain the deviation of PPPs from the exchange rates. National price levels are
defined as the ratios of PPPs to exchange rates:

15The use of exchange rates avoids possible endogeneity problems arising out of the use of PPPs in
converting GDP in national currency units. Further, we suppress the time subscript for purposes of
exposition, but use it in the actual empirical implementation of the method.

16This means that PPP for the reference country, the U.S., is equal to 1 and therefore ln(PPP) is
equal to zero for the reference country.

17Due to the technical nature of the proof we have decided not to include it in this paper.
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R
PPP
ERit

it

it

=(4)

where PPP and ER respectively denote purchasing power parities and exchange
rates for national currencies. For example, if the PPP and ER for Japan, with
respect to one U.S. dollar, are 155 and 80 yen respectively, then the price level in
Japan is 1.94, indicating that prices in Japan are roughly double those in the
United States. A value of this ratio greater than one implies national price levels in
excess of international levels and vice versa. A stylized fact on national price levels
is that the ratio in (4) is typically well below unity for countries with low to middle
levels of per capita income and typically around unity for richer countries. The
recently released PPP estimates for the 2005 benchmark from the World Bank,18

Asian Development Bank,19 and others clearly support this phenomenon.
Specification of the regression models inevitably relies on the basic purchasing

power parity theory.20 The general theories of national price levels are anchored
mainly on the share of tradable and non-tradables in the gross domestic product.
While Kravis and Lipsey (1983, 1986) pioneered work on this, Clague (1988) and
Bergstrand (1991, 1996) provide an analytical framework and theoretical models
to establish and identify the main characteristics and the associated socio-
economic variables that can potentially explain the observed national price levels.
Some of the explanations also rely on productivity level differences between devel-
oped and developing countries which in turn offer support for the inclusion of
education related variables. We draw heavily on Clague (1988) in the selection of
variables for inclusion in our regression models. The variables recommended for
use on the basis of these theories include: real income levels; resource endowments;
foreign trade ratios; openness of the economy; education levels; dependence on
agriculture and related variables. Ahmad (1996) makes use of a similar set of
variables in the specification of a regression equation for extrapolation. His work
includes black market exchange rate as a ratio to official exchange rate.

In this paper we essentially follow the same approach in extrapolating PPPs
for non-participating countries in different benchmarks. The distinguishing
feature of the approach here is that information from all the benchmarks is used in
calibrating the regression model. Consequently, the regression model is specified as
a panel data model. The model is mixed log-linear. Following the theories explain-
ing national price levels, we postulate the model as:

r uit t it s it= + ′ +β0 x b(5)

where rit = ln(PPPit/ERit) is the logarithm of the national price level for country i in
period t; ′xit a set of conditioning variables; b0t intercept parameter; bs a vector of
slope parameters; and uit a random disturbance with specific distributional char-
acteristics. In this model, the slope parameters are assumed to be invariant over
time and space. However, the intercept term is time varying, suggesting that the

18http://www.worldbank.org/data/icp and follow the links to the final report on the global
comparisons.

19http://adb.org/Documents/Reports/ICP-Purchasing-Power-Expenditures/default.asp
20Officer (1982) provides an excellent review of literature on this topic.
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temporal fixed effects are explicitly modeled whereas the country-specific fixed
effects are implicitly modeled through the inclusion of several dummy variables
which represent various trade and currency groupings to which the countries
belong. We discuss several specific features of the variables included in the model
and the distributional assumptions made regarding the disturbance term.

Dependent Variable

In this study we cover all the benchmark data from 1975 and include ICP
PPPs for the years 1975, 1980, 1985, 1990, 1993, 1996, 1999, 2002, and 2005. Of all
these benchmarks, the 2005 benchmark has the highest coverage, with 146 partici-
pating countries; 1975 has only 13 countries. Several benchmarks, including 1990,
1993, 1999 and 2002, have a coverage limited to only OECD and EU member
countries.

Explanatory or Regressor Variables

We have two types of dummy variables and several continuous regressor
variables included in the model on the basis of the theory of national price levels
discussed above.

The first type of dummy variables is time dependent and each of these dummy
variables assumes a different intercept term for each benchmark year. Thus inclu-
sion of these variables is similar to modeling time specific fixed effects, taking into
account the fact that benchmark comparisons are available only for selected years.

In the place of dummy variables that are traditionally representing country-
specific fixed effects, we make use of dummy variables to account for the mem-
bership of countries in different currency unions or trade agreements. For
example, we include D-euro to represent a dummy variable for countries which
have used the euro since 1999 and D_scucar—a dummy for strict currency union
in Caribbean. We also include a dummy variable, D_usd, for countries with
currencies either pegged to the U.S. dollar for substantial amounts of time or
expected to move closer to the U.S. dollar. As the dependent variable is the ratio
of PPP to the exchange rate, ER, it is important to model effects on exchange
rates.

Inclusion of the time and country-group specific dummy variables is necessary
within the context of a panel approach to the model where data from all the
benchmarks are used.21 If we were to estimate the model using a single benchmark,
then several of these dummy variables could be dropped from the model.

The third set of explanatory variables included may be considered essentially
as the drivers of the national price level model. However, there are some innova-
tions introduced. Instead of using a real per capita income as in Clague (1988),
Atlas income as in Ahmad (1996), or real income as the World Bank did in its
recent extrapolation work, we use proxies for the level of development, thus
reducing the possibility of endogeneity in the regressor variables. We use Life, life

21The inclusion of time dummy shifts for benchmark years is a sufficient condition for invariance
of the method to the reference country (see appendix 2 of RRD).
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expectancy at birth; agedep, age dependency ratio;22 Radpccn, radios per capita;
and Phones, number of telephone mainlines per 1000 people. We make use of
Expg, exports of goods and service as a percentage of GDP; Manufimp and
Manufexp, manufacturing exports and imports as a percentage of GDP, respec-
tively, of exports and imports; and Tradeg, trade as a percentage of GDP as
variables that represent openness of the economy and the share of manufacturing
in exports and imports. Finally, we include variables that reflect the traditional and
low productivity sector in the economy by a group of variables including Advag,
value added of agriculture as a percentage of GDP; Rurpop, share of rural popu-
lation in total; and Tractorpw, agricultural machinery measured using tractors per
agricultural worker. Level of education is measured using Literate, a measure of
literacy rates defined as population aged 15 and over which is literate per 1000
population, and Secenr, the number of secondary enrollments per 1000 popula-
tion. The variables used in our study are similar to those conventionally used. For
example, Ahmad (1996) uses OPEN for openness; AGR for agricultural value
added as a proportion of GDP; and ENROL, secondary school enrollment ratio.
A similar correspondence can be made with some of the variables used by Clague
(1988). It is possible to speculate on the expected signs of the variables included in
the model.23 We note that it is possible to obtain signs contrary to expectations due
to the presence of possible multicollinearity in the regressor variables. As the main
function of the model in (5) is for the prediction of the national price level for
non-benchmark countries, the overall fit of the model is more important than the
signs of the individual coefficients.24

Predictions Using the Model

If estimates of b0t and bs are available, model (5) can provide a prediction of
the variable of interest, ln(PPPit), consistent with the price level theory:

ˆ ˆ ˆ ln .p ERit t it s it= + ′ + ( )β0 x b(6)

Thus, (6) states that price level theory provides a prediction, p̂it, and hence of
ln(PPPit).

We note here that it is possible to obtain predictions of PPPs for all countries
and all time periods using (6) provided we have observations on the regressor
variables. However, in this paper we make use of the regression model only to
generate predictions for non-benchmark countries in the benchmark years. No pre-
dictions are generated using (6) for non-benchmark years.25

At this stage, we are in a position to produce PPPs for all the countries for the
years when the ICP benchmarks are conducted. The next step is to extrapolate the
PPPs to the non-benchmark years and thereby complete the panel of PPPs.

22See Appendix Table A2 for a detailed description of the variables included in the model. We also
indicate the source from which data are drawn for the empirical part of the paper.

23We refer the reader to Clague (1988) for an excellent discussion on the expected signs based on
theory. These are not repeated here.

24We revert to this when we present the results of the estimated model.
25A more general approach that makes use of predictions for all the countries in all years (both

benchmark and non-benchmark years) is described in RRD.
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2.3. Extrapolation to Non-Benchmark Years: Use of National Growth Rates and
Implicit GDP Deflators

A major consideration in the construction of a panel of PPPs, and real
incomes, is that the growth rates in real income obtained using PPPs should be the
same or close to the national growth rates observed and reported by the respective
national statistical offices. This is considered an important property to be satisfied
by the extrapolated PPPs. The currently available series from PWT, the World
Bank’s World Development Indicators, and the Maddison series all adhere to this
important principle. Thus, the national growth rates and the price movements
implicit in such growth rates which are referred to as GDP deflators offer crucial
information for updating PPPs.

The temporal movements in PPPs are, therefore, governed by a simple rela-
tionship presented in equation (7). It is easy to see that equation (7) is a simple
identity if PPPs were the price of a single commodity. However, in the case of PPPs
at the GDP level, the GDP is treated as a composite commodity.

PPP PPP
GDPDef

GDPDefi t i t
i t t

US t t
, ,

, ,

, ,

= ×−
−[ ]

−[ ]
1

1

1

(7)

where GDPDefi,[t-1,t] denotes the GDP deflator showing price movements from
period t - 1 to t in country i.26 Equation (7) simply provides a mechanism for
updating PPPs using movements in the GDP deflator of the country concerned,
and therefore provides a definition for the growth rate of PPPit.

The main source of data on deflators is the national accounts published by
countries, generally on an annual basis. In the econometric specification of our
model, we include a random disturbance term that makes it possible for the
extrapolated PPPs to deviate from the PPPs implied by the growth rates in GDP
deflators.

Taking the logarithm of (7) and accounting for the measurement error:

p p cit i t it it= + +−, 1 η(8)

where,

c
GDPDef

GDPDefit
i t t

US t t

=
⎛
⎝⎜

⎞
⎠⎟

−[ ]

−[ ]

ln , ,

, ,

1

1

; and hit is a random error accounting for measurement

error in the growth rates. We assume that hit is a random variable with mean equal
to zero and, further, that errors in the updating equation, hit, are uncorrelated with
errors in the PPP equation with E(hitxit) = 0.

In a vector form where PPPs for all the countries are stacked in a column,
equation (8) can be written as:

26The U.S. GDP deflator is used in the updating equation reflecting the choice of the U.S. as the
reference country. However, the method described here is invariant to the choice of the numeraire
country and the relative PPPs will remain the same even if some other country, say India, is used as the
reference country.
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p p ct t t t= + +−1 h(9)

where pt is the unobserved state vector and ct is the observed growth rate of pt.
Now we turn to the stochastic specification of the error term in equation (9).

The error, hit, is assumed to have a mean equal to zero and a covariance matrix
E t t tηη′( ) ≡Q where elements of Qt are defined on the basis that the GDP deflators
have variance inversely proportional to the level of development of the country as
measured by per capita GDP. If country 1 is selected as the reference country, then
the Q matrix, denoted by Qt

1( ) is defined as Q Vt t
1 2( ) = ση

where,

V
0

0 jjt
t t Ntdiag

=
′ + ( )

⎡
⎣⎢

⎤
⎦⎥

0

1
2

2
2 2σ σ σ, . . . ,

,

σ it
2 is the variance of the i-th country price deflator’s growth rates, and j is a column

of ones.
A few remarks on equation (9) and the flexibility it offers in the treatment of

national growth rates and implicit price movements is useful here. First, we note
that the approach used in the PWT, the World Bank, and the Maddison series is
a special case of (9) where hit is set to zero or its variance set close to zero (mean
is equal to zero by assumption). In this case the temporal movements in PPPs are
identical to the relative movements in national GDP deflators, and hence the
implied growth rates in income are also maintained. Second, we note that it is
possible that the national deflators are also subject to measurement errors and
growth rates are subject to errors. It is possible to build such uncertainty associated
with the growth rates into the extrapolation methodology presented here. We
assume that the reliability of the growth rates is again inversely proportional to the
per capita income of the country. Again the model is flexible and if we decide to
impose the growth rates exactly then we can set the variance of hit close to zero.
Equation (9) is then satisfied as an exact equality. In the absence of any preference
one may leave the magnitudes of the variances to be determined by the data.

2.4. Exact Restriction from the Choice of the Reference Country

The definition of PPP requires a choice of reference country. For the reference
country, PPP is defined to have a value of one for all time periods.27 Thus, we know
the value of the variable of interest for the reference country for all time periods.
As the U.S. is taken as the reference country and denoted as the first country in the
list, it then follows that for all t

p pUSA t t, .≡ =1 0(10)

We ensure that this restriction is imposed in our model for all the time periods. In
addition, in RRD it was formally shown that the empirical results emanating from

27PPPs between currencies of two countries are invariant to the choice of the base country. In the
current study, we use the U.S. dollar as the reference currency which, in turn, gives equation (7). The
method used in this paper is invariant to the choice of the reference currency.

Review of Income and Wealth, Series 56, Special Issue 1, June 2010

© 2010 The Authors
Journal compilation © International Association for Research in Income and Wealth 2010

S69



an alternative choice of the reference country would be identical to those (in
relative terms) obtained when the U.S. is used as the reference country.

2.5. Spatially Autocorrelated Error Structure

A major innovation and a departure from the standard practice in the
extrapolation of PPPs to non-participating countries in the benchmark year is the
use of spatially autocorrelated structures in the model that describes the national
price levels. Recalling the model described in equation (5) in Section 2.2, we have

r uit t it s it= + ′ +β0 x b .

In the models currently used in the construction of PWT and the World Bank’s
extrapolations, the disturbance terms for different countries are assumed to have
the same variance for all the countries and are assumed to be uncorrelated across
countries. In the approach described here, we relax both of these. As discussed
earlier, the variance attached to a particular country which reflects the reliability of
its PPP from the benchmark is inversely proportional to the per capita income.

We assume that the disturbance terms in (5) are spatially correlated across
countries. In this regard it is useful to rewrite the disturbance term in (5) as:

u rit it t it s= − − ′β0 x b .

Essentially the disturbance term represents the magnitude by which the observed
price level for a country differs from the value expected from the model. If the
disturbance is positive, the observed price level exceeds the expected value and vice
versa. For a given period, we can write the regression model as:

r j x ut t t s t= × + ′ +β0 b

where ut is a N ¥ 1 vector of disturbances.
We assume that the elements of the disturbance vector ut are spatially auto-

correlated with the following structure:

u W et t t= +φ(11)

with |f| < 128 and et is vector of disturbance with a mean equal to 0, and they are
uncorrelated across countries/observations. Following Anselin (1988) and stan-
dard spatial correlation literature, the matrix Wt is a spatial weights matrix that
drives the underlying spatial structure of the disturbances. That is, the rows of Wt

add up to one and the diagonal elements are zero. It follows that the covariance
matrix of the disturbances in (5), for a given t, is given by:

E u u I W I Wt t u t t u t′( ) = −( ) −( ) ′ =− −σ φ φ σ2 1 1 2W .(12)

If the matrix Wt is known, then one can use standard approaches like the
generalized least squares or maximum likelihood methods to estimate the param-

28In most economic applications f is likely to be positive.
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eters of the model. We need to specify the elements of the Wt matrix. In this paper
we make use of a simple specification which assumes that the disturbances of two
countries tend to behave similarly (for example, the national price levels above the
expected value) if the two countries have strong trade relationships.29 The model
for national price levels in (5) is anchored on the purchasing power parity theory,
which implies that price levels get transmitted through trade and ultimately equal-
ized if there is free trade between all the countries. In the actual implementation,
which is further discussed in Section 4 dealing with data construction, the weights
in the Wt matrix are proportional to bilateral trade flows.

This completes the description of the basic model and its salient features. Now
we turn to the overall econometric approach used in constructing the panel of PPPs.

3. A State–Space Approach to the Extrapolation Problem

The basic approach followed in this paper is to make use of the various
components of the extrapolation work described in equations (1) to (12) in gener-
ating predicted purchasing power parities to complete the required panel. Given
the nature of the problem where we have information on how PPPs are generated
through the price level equation and the ICP benchmarks and a model to extend it
over time using relative movements in price levels, a state–space (SS) representa-
tion is highly suitable for this type of problem.

There are three elements necessary to provide a state–space representation.
First, we need to identify a state vector for which we wish to obtain optimal
predictions over time. Second, we need a model that describes the observations on
the state vector through the observation equation. In our case the national price
level model in (5) and the ICP benchmark information equation (1) together
provide the observation equation. Finally, we need a transition equation which
provides a mechanism that describes how the state vector moves from one period
to the next. Our equation (9), which explains how PPPs are related to national
price movements, provides the basis for the transition equation.

3.1. State–Space Representation of the Model

State Vector

The state vector in our model is the vector pt, the vector of logarithms of PPPs
of currencies of different countries. Our aim is to obtain optimal predictors of pt for
all the time periods in the analysis.

Observation Equations

As previously discussed, there are two noisy sources of observations of the
state vector, pt. First we have measurements of the state vector in the form of �pt

29A common assumption is to use the assumption of geographic contiguity, which translates to the
assumption that the price levels around their mean tend to behave similarly for countries which are
geographically contiguous. However, we find little theoretical support for such a model. In a more
recent paper, Rambaldi et al. (2010) construct a measure of economic distance which includes geo-
graphical, trade, and other historically relevant indicators.
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which are based on PPPs from the ICP. This information is described in equa-
tion (1). The second set of measurements, p̂t, come from predictions for the
regression model for those countries that have not participated in the ICP bench-
marks and this information is restricted to only benchmark years. We note here that
this is a special case of the more general framework described in RRD where
regression predictions are used in benchmark as well as non-benchmark years. The
main reason for restricting the use of predictions to only benchmark years is to
relate this procedure to the intuitive notion that ultimately the panel of predicted
PPPs must be a weighted average of available PPPs in benchmark years, that is,
observed PPPs from the ICP benchmarks for participating countries and regres-
sion predictions for non-participating countries.

In writing the observation equations, we wish to relate the conditioning
variables to the state variable of interest, pt, by formulating the problem in state
space form. The equations (1) and (6) are necessary to obtain the “observation
equations” of the state–space in equation (13):

y Z p B Xt t t t t t= + +q z(13)

for only those years t which represent ICP benchmark years.30 In equation (13), we
use the following notation:

y p pt t t= [ ]′0 ˆ � is a vector of “observations” of the state vector, i.e. reference
country value,31 regression predictions, and benchmark observations.

Zt is a known permutation matrix.
Bt is a selection matrix that maps Xtq to the PPP regression predictions for

non-participating countries.
Xt is a matrix of observable socio-economic variables.
pt is the unobserved state vector.
q is a vector of parameters to be estimated and is a known form of the vector b̂ in

(5).
zt is an error with E(zt) = 0 and E t t tz z′( ) ≡ H .

H

0 0

0 S S 0

0 0 S V S
t u np t np

p t p

= ′
′

⎡

⎣
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⎤

⎦

⎥
⎥
⎥

0
2

2

σ
σξ

W is partition to account for the variance of the

reference country, and the variance–covariance structure associated with the p̂t

and �pt respectively.
Snp and Sp are selection matrices for non-participating and participating countries,

respectively.

Though equation (13) looks complex, it has a fairly simple interpretation. The
first point to note is that these observation equations are defined and used only for
ICP benchmark years. Second, the selection matrix Zt is a permutation matrix that
separates countries into participating and non-participating countries in a bench-
mark year. The covariance matrix associated with the errors in benchmark PPPs is
given by the last diagonal partition in the Ht matrix. Finally, for those countries

30Details of the derivation of (13) are provided in RRD.
31Without loss of generality the reference country is the first.
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that have not participated in the benchmark, the regression prediction, p̂t is
derived using the regression model in (6), making use of the estimated b coeffi-
cients. The selection matrix Bt selects all those non-participating countries, and the
subscript t indicates that the composition of the non-participating countries is
different for each benchmark year.

Transition Equations

The transition equations show the evolution of the state vector over time. In
the construction of PPPs, equation (7) defines the temporal movements as
explained in Section 2.3. Taking natural logarithms and accounting for measure-
ment error in the growth rates, the temporal evolution is given by equation (9).

Thus, equations (13) and (9) define the state–space model that produces the
complete panel of PPPs, given estimates of the unknown parameters.

3.2. Estimation and Smoothing

Given estimates of equations (13) and (9), and the distribution of the initial
value of the state vector, p0, and under the assumption of normality of the distur-
bances and the initial state vector, the Kalman filter computes the conditional
mean (based on the information available at time t), �

pt , and corresponding cova-
riance matrix, Yt, of the distribution of pt.

We have two types of predictions that can be constructed using the state–
space approach and Kalman filters. The first set, referred to as the filtered predic-
tions, are derived making use of the information that is available up to a given
point in time. These predictions are given by the updating equations given below.
Once the Kalman filter is run through all time periods, an optimal prediction for
period T, �

pT , is derived. Given, �
pT , Yt and Yt|t-1, t = 1, . . . , T, the Kalman

smoother provides predictions pt T t T* , , . . . ,= 1 of the state vector based on all the
information available. For each period the Kalman smoother for period t is
denoted by pt T

* as given below.

Kalman Filter Equations

The forward filter is conceptually composed of two sets of equations as
follows:

Prediction Equations

p p c

Q
t t t t

t tt t

− −

−

= +
= +−

1 1

1 1Y Y ˆ .
(14)

Updating Equations
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Kalman Smoother Equations

The backward filter is given by the following set of equations:

p p p c pt T t t t T t t

t T t t t T t t t

* *

* *

= + − −

= + − ′
+ +

+ +

� �ˆ ( )

ˆ ( ) ˆ

Y

Y Y Y Y Y Y
1 1

1 1

ˆ̂Y Y Yt t t t= +
−

1
1

(16)

where,�
pt t−1 is the Kalman filter estimate conditional on the information up to t - 1.
�
pt is the Kalman filter estimate of the state vector at time t.
Yt is the Kalman filter unconditional covariance of the state vector.
Yt+1|t is the Kalman filter conditional covariance of the state vector.
pt T
* is the Kalman smoothed estimate of the state vector.

Yt T
* is the Kalman smoothed estimate of the covariance of the state vector.

Estimation of Unknown Parameters

There are unknown parameters in the covariance structure, Qt, Ht as well as
the vector of parameters in the mean of the observation equation (associated with
the regression part), q b b= −( )ˆ

I , where b̂I is an estimate of the vector of param-
eters in equation (5) obtained by using least squares.

To obtain the estimates of the unknown parameters in the state–space model
we use an iterative algorithm that estimates the parameters by maximum likeli-
hood and updates p̂t in (13) at each iteration. The log likelihood function for the
unknown parameters is given by:

log , , , , log logL
TN

u t
t

T

tφ σ σ σ πη ξ
2 2 2 1

1

1

2
2

1
2

1
2

q z z( ) = − − − ′−

=

−∑ F Fˆ ˆ
ttt

t

T

=
∑

1

.

To obtain a value of the log likelihood, we numerically maximize this function over
ση

2, σu
2, σξ

2, and f and obtain an estimate, ˆ , , ,q φ σ σ ση ζ
2 2 2

u( ), by regressing a set of
“innovations” yt

** on the “innovations” Xt
**, where these “innovations” are

obtained by running the Kalman filter separately for yt and each column of Xt (the
procedure follows Harvey, 1990, pp. 130–3). For the interested reader, the com-
pleted algorithm is presented in detail in RRD.

We note that under normality of the disturbances, the conditional distribu-
tion of the observation vector yt is given directly by the Kalman filter (we refer the
reader to Harvey (1990) for details). By writing the log likelihood in prediction
error decomposition form, a pass through the Kalman filter allows the computa-
tion of a value of the likelihood function. Given the parameter estimates, the
sample is then run through the equations of the Kalman filter and Kalman
smoother to obtain the model’s predicted pit (for all i and t), pit

*, and associated
standard errors.

In our study, we propose that the Kalman smoother, pit
*, is the preferred

predictor for filling the time–space tableau of PPPs. The Kalman filter prediction
provides a prediction of ln(PPPit) = pit which makes use of all the information
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available up to and including information available in period t. However, the
Kalman smoother provides a predicted value of pit based on the available infor-
mation for all the time periods t = 1,2. . . . , T. This is one of the goals set for the
study, i.e., to derive predictions for PPPs based on all the available information
from all the benchmarks and relative price movements data available from
national sources.

Since the state vector pt is in fact the vector of ln (PPPit) and our interest is in
PPPs, we make the following transformation to derive the predicted PPPs.

A prediction of PPPit is given by:

PPP eit
pitˆ = *(17)

where pit
* is the corresponding Kalman smoothed element.32

The standard errors for the predicted PPPs are computed as follows:33

se PPP e e eit
pit it t it tˆ , ,( ) = −( )2 1* * *ψ ψ(18)

where
ψ ii t,

* is the i-th diagonal element of the estimated smoothed covariance of the state
vector, Yt

*.

We note here that the standard error associated with a predicted PPP reflects
the uncertainty associated with the PPP of the currency of a given country when
the United States (country 1) is used as the reference country. Thus the standard
error includes the standard error associated with the PPP of the U.S. dollar.
Therefore, the standard errors should be carefully interpreted.

3.3. Main Properties of the Proposed Smoothing Method

The econometric approach described is a versatile smoothing approach with
a number of useful properties. First, the predictions of PPPs generated for any
country at a given point of time are based on all the information on all the
benchmarks, GDP deflators, and data on socio-economic variables available for
the purpose of extrapolation. Further, the predictions obtained are optimal in a
statistical sense (this is a property of the Kalman filter and smoother). Second, the
PPPs generated are by construction equal to 1 for the reference country. The
predicted PPPs that form the final panel are invariant to the choice of the reference
country. For example, if Australia is used instead of the U.S. as the reference, the
relative PPPs (PPP of a currency relative to another currency) will remain
unchanged. Third, the Kalman filtered predictions can be smoothed to produce

32It may be noted here that the estimator of PPP is biased as the exponential function is a
non-linear transformation. It is possible to make a correction for the bias in the case where pit

* is
normally distributed. However, no such correction is applied in this paper which is consistent with the
current practice of the World Bank and the PWT. In our method the “s 2” in the correction formula is
time varying in general. When the smoother that preserves growth rates is used, the value converges to
a constant. In the later case the bias correction factor for China is of the order of 1.016. In general, we
do not expect these factors to make a significant difference in practice for the majority of the countries.

33The standard errors are computed under the assumption of the lognormality of the predictions.
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predictions pit
* that preserve the national price movements available in the form of

GDP deflators. In this case the estimation of the parameters and the forward filter,
the Kalman filter, account for all sources of error; however, the backward filter,
the Kalman smoother, is restricted to preserving national price movements.34

Fourth, if the ICP benchmarks are required to be preserved, the estimation,
filtering, and smoothing can be constrained to produce predictions that are iden-
tical to the ICP observed value, �pit, in benchmark years. PPPs for currencies of the
ICP participating countries are determined using price data collected from exten-
sive price surveys, thus one may consider it necessary that the extrapolated PPPs
track these benchmark PPPs accurately. This is achieved by setting to zero the
variance of xit in equation (1).

However, we focus on the main property of our approach. The model we use
in this paper represents a simple case of the RRD smoothing method, where
benchmark PPPs and extrapolations to non-participating countries are used only
in ICP benchmark years, but no regression information is introduced for years in
between benchmark years. The panel of PPP estimates produced is a “weighted
average” of the extrapolations from different benchmarks. Furthermore, the
weights are not arbitrary, but derived from the covariance properties of the model
resulting in optimal predictions for PPPs. We present an illustration of the results
obtained using this form of the algorithm in Section 5. An algebraic proof of the
statement is provided in the Appendix. The special case discussed at the end of the
Appendix shows that the extrapolations derived under the absence of spatial
autocorrelation using the Kalman filter are weighted averages of extrapolations
from different benchmarks with weights proportional to the variances attached to
the country-specific PPPs in the benchmarks.

3.4. Computational Aspects

As expected, developing the algorithms and writing program code for the
estimation of parameters of the model and for generating the optimal predictions
using the Kalman filter and smoother has been a challenge. The program code is
developed in GAUSS and runs into 9000 lines.35 The code has been thoroughly
tested before using it to generate predictions of PPPs and their standard errors. As
the code is specifically written for the purpose of extrapolation of PPPs, the code
is not made available in the public domain.36 However, a complete set of results
and predictions are available from the authors upon request.

4. Data Compilation and Data Construction

This section describes the dataset used in this study. The dataset covers 141
countries over the years 1970 to 2005. Table A1 lists the 141 countries included in

34When the restricted smoother is used, the standard errors converge to a constant value for all
time periods (see RRD, appendix 1 for the form of the smoother equations and derivation of the
standard error).

35The code was largely developed and tested by Alicia Rambaldi though Howard Doran had
contributed to the development in the initial stages of the process.

36The code is not a generic code that could be used by different users. It is not like a code for the
computation of inverse of a matrix which can then be used by any one interested in inverting a matrix.
Our code is problem specific and therefore considered confidential for commercial purposes.
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the study. This table also lists the currency of each country and the years each
country has participated in the ICP benchmark comparisons. The empirical analy-
sis in this paper includes PPP data from the ICP 2005 round. Given that the 2005
PPPs were only recently released, we have been able to include only 110 of the 146
countries that participated in the round. We will be adding the remaining countries
pending availability of the required socio-economic variables. Table A2 gives
definitions and sources of the variables used in the study, while Table A3 provides
some basic descriptive statistics of the variables.

4.1. PPP Data

The state variable in the state space model is ln(PPPit), and observed values
(which define the dependent variable in the measurement equation) are obtained
from all the benchmarks conducted so far. Thus ICP PPP data are drawn from the
early benchmarks of 1975, 1980, and 1985 as well as from more recent benchmark
information for the years 1990, 1993, 1996, 1999, 2002, and 2005. Several features
of the PPP data are noteworthy. The first benchmark covered 13 countries. The
1980, 1985, and the recent 2005 benchmarks represent truly global comparisons
with PPPs computed using data for all the participating countries. For the years
from 1990 to 2002, data are essentially from the OECD and EU comparisons, with
the exception of 1996.37 The 1996 benchmark year again is a global comparison
with PPPs for countries from all the regions of the world. However, the 1996
benchmark may be considered weaker than the 1980, 1985, and 2005 benchmark
comparisons as no systematic linking of regional PPPs was undertaken. In terms of
reliability, one would consider the 1996 benchmark PPPs to be less reliable.
Another related point of interest is the fact that PPPs for all the benchmarks prior
to 1990 were based on the Geary–Khamis method (Geary, 1958; Khamis, 1972),
and PPPs for the more recent years are all based on the EKS method (Elteto and
Koves, 1964; Szulc, 1964) of aggregation.38 In the current empirical analysis, we
have not made any adjustments to the PPP data, but making the series comparable
through the use of the same aggregation methodology is a part of our ongoing
research program.

4.2. Socio-Economic Variables Included in the Regression

We have discussed in Section 2.2 the rationale for inclusion of a set of
socio-economic variables used in modeling the national price levels. In particular,
the reader will note that the regression model here concerns a panel rather than a
cross-section for a given benchmark year. Therefore a range of dummy variables to
model the time and country-specific fixed effects are also included. In Table A2 we
provide a description of the socio-economic variables included in the regressions.

37We are indebted to Ms Francette Koechlin (OECD) for providing ICP benchmark data for these
years. PPPs for those countries which joined in the Euro zone, the pre-Euro domestic currencies were
converted using the 1999 Irrevocable Conversion Rates (source: European Central Bank, 1998). The
irrevocable conversion rate of the drachma vis-à-vis the euro was set at GRD 340.750 (source: http://
www.bankofgreece.gr/en/euro).

38This was brought to our attention by Steve Dowrick who attended a seminar on the topic
presented at the Australian National University in October 2007.
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During the stage of data compilation, a variety of sources have been used. For
example, if data were not available from standard sources like the World Devel-
opment Indicators, then use is made of the CIA Factbook (CIA, 2008). When this
approach failed, a simple imputation procedure using values from a similar
country were used. When there are missing entries in time series data for a variable
in a country, simple statistical extrapolations were used.39

4.3. Covariance Variables

Measuring Spatial Correlation

The spatial weights matrix, Wt, used in modeling spatial autocorrelation is
derived using the volume of bilateral trade flows. Each row in Wt is a country, and
the entry corresponding to each column, j, is the proportion of country i’s total
trade across the 141 countries corresponding to country j. Thus, the rows of Wt

add up to one, the diagonal elements are zero, and off diagonal element are trade
weights. These spatial weights matrices were constructed for the years 1970, 1975,
1980, 1985, 1990, 1995, 2000, and 2005. Thus, we assume that the relative weights
of partner countries do not change within each of the five year periods. These
matrices are compiled using data from Rose and IMF Trade Directions.

Accuracy of Benchmarks and National Accounts’ Growth Rates

As discussed in Section 2, we postulate that the quality of the PPPs as well as
estimates of implicit deflators are directly related to the per capita income, indi-
cating that poorer countries will have large variances (and, therefore, lower
quality) associated with the PPPs and deflators. The model specification allows for
the modeling of accuracy of benchmark PPPs and national growth rates (equa-
tions (1) and (8)). We assume that the measurement errors in both cases have
variances that are inversely proportional to the per capita GDP expressed in U.S.
dollars. This means that countries with higher per capita incomes are expected to
have more reliable data, as reflected by lower variances associated with them.40

5. Empirical Results

The empirical implementation of the econometric methodology proposed in
the paper has generated a lot of output, including detailed tables of PPPs for each
country included in the analysis. Keeping the length of the paper as a guide, we had
to be selective in what is presented in this section.41 At the outset we present
the estimates of the parameters of the models used in extrapolating PPP, that is
the regression parameters from the model of national price levels as well as the

39Information on country and variable specific details of the imputation methods used is available
from the authors.

40We make use of exchange rate converted per capita incomes to overcome the problem of possible
endogeneity arising out of the use of PPP converted exchange rates. These data are drawn from UN
sources. Given the systematic nature of the exchange rate deviation index (ratio of PPP to ER), use of
exchange rate converted per capita GDP is likely to magnify differences in per capita incomes.

41Detailed results are available from the authors. Country specific PPPs generated from the
state–space methodology are also available for interested readers.
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covariance parameters. Then we present the extrapolated PPPs along with stan-
dard errors for a selected set of countries, which includes Australia, China, India,
Honduras, and Nigeria. The model presented in Section 3.1 has been estimated
under several alternatives to both illustrate the flexibility of the method as well as
provide a framework to compare the results to those from PWT 6.2. The variations
considered here are: (i) completely unconstrained model where no restrictions42 are
imposed on the extrapolated series; (ii) model estimated without spatial errors; (iii)
unconstrained but without the inclusion of the 2005 ICP benchmark data; (iv)
without the inclusion of the 2005 ICP benchmark data and the spatial error; and
(v) the Kalman filtered predictions are smoothed to track the growth rates
exactly.43 When the model is run assuming 2005 was not a benchmark year, the
PPP predictions can be compared to the Penn World Tables 6.2.

5.1. Estimates of Regression Parameters

Table 1 presents estimates of parameters, along with their standard errors,
using the data collected for the 141 countries included in our analysis. These
estimated models are those used in constructing complete panels of PPPs. Five sets
of estimates are presented in Table 1. Results presented in Panel 1 of the table refer
to the ordinary least squares estimates of the parameters of the regression model in
equation (5). This is a fixed effects panel regression, as it is estimated for all the
benchmark years with time dummy intercepts for benchmarks. Panels 2 and 3 refer
to estimates of the parameters obtained using maximum likelihood estimation of
the state–space representation, including the 2005 ICP benchmark data. Panels 4
and 5 present the estimation of the state–space representation treating 2005 as a
non-benchmark year.

The R2 of the panel regression (Panel 1) is 0.737, a strong fit considering this
is an unbalanced panel of the nine benchmark years included in the study. The
estimates in Panels 2 and 4 include a spatial error structure. The parameter
estimate is 0.5 and estimated with a small standard error.44 Although the regression
component of the model is likely to suffer from some collinearity, its main purpose
is to produce predictions, p̂t, for non-participating countries, and therefore the
emphasis is not on its ability to accurately identify the marginal effects of indi-
vidual variables. Nevertheless, for those variables that are significant, the param-
eter estimates show stability across models and are consistent with prior
expectations. Importantly, we note that the inclusion of the 2005 ICP benchmark
does not substantially change the estimates for many of the variables.

42Restrictions include constraining the model to go through the benchmarks or the restriction that
the observed growth rates are maintained exactly. The reference country constraint is always imposed.

43The parameters estimation and Kalman filtering are unconstrained and account for all sources of
error. A constrained Kalman smoother is then used to produce the PPP series that obey the growth
rates (for the derivation of this form of the smoother, see appendix 1 of RRD).

44Testing for spatial autocorrelation of the residuals of the regression in Panel 1 have been
conducted under alternative specifications of the weights matrix using an LM test. The test rejects the
null of no spatial correlation at the 5% level. The reader is referred to Rambaldi et al. (2010) for details.
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5.2. Predicted PPP Series for Selected Countries from the State–Space Model

In this section we illustrate the econometric methodology proposed in this
paper by presenting predicted PPP series derived from the estimated state–space
model described in Section 3 under the different scenarios indicated above. We
present these results through tables and figures for the five countries chosen to
illustrate the results. The countries chosen are Australia, China, India, Nigeria,
and Honduras. Australia is an OECD country and has participated in benchmark
comparisons since 1985. Results for Australia are representative of results for the
case of a developed country that has consistently participated in most of the global
as well as OECD comparisons; it will illustrate the case when all sources of
available information (national accounts and benchmark data) seem to provide a
consistent picture. China participated in a benchmark comparison for the first time
in 2005. India had participated in earlier benchmarks; however, it had not partici-
pated since 1985 and has again participated in the 2005 round. Nigeria had
participated in the earlier comparisons, 1975, 1980, 1985, and 1996, and has
participated in the 2005 round. Honduras had participated in the 1980 comparison
and it is one of the countries in the sample that did not participate in the 2005
round.

The results presented in the tables show the extrapolated PPPs for the period
1971 to 2005 along with the benchmark PPPs where available and also the PWT
6.2 extrapolations. As this version of PWT was produced without the 2005 bench-
mark data, only extrapolations based on the models in Panels 4 and 5 are strictly
comparable to the PWT extrapolations. Standard errors for the predicted PPPs are
also presented. The post-fix “GRC” denotes the use of the constrained Kalman
smoother so that the series preserves the implied growth rates in the GDP deflators
reported by each country through national accounts. The figures show the
extrapolated PPPs for each version of the model when the smoothing is con-
strained to preserve growth rates.

Australia

Table 2 and Figure 1 present the results for Australia. It is clear from these
results that all sources of information for Australia are consistent and therefore,
the resulting PPP series are virtually identical independently of which model is
used. That is, the spatial error does not change the predictions from the non-
spatial model, and the constrained smoother induces only marginal corrections to
the values of earlier benchmarks. Given the frequency of participation of Australia
in international comparisons, the addition of the 2005 ICP benchmark reduces the
standard error (from AUD 0.04 to AUD 0.02 using the models with spatial errors)
as expected; however, the out-of-sample prediction of the 2005 PPP (from models
in Panels 4 and 5) is identical to the ICP value of AUD 1.390. This result holds for
most countries in the OECD that have participated in all comparisons since 1990.
Unfortunately, there are only 23 countries in this category. It is important to note
the role of the ICP in the reduction of uncertainty in the form of standard errors.
This result highlights the importance of participation in the international compari-
son exercises.
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China

A large number of countries in the sample participated in an ICP compari-
son for the first time in 2005; China is one of them. The results for China are
presented in Table 3 and Figure 2. We first concentrate on the extrapolated PPPs
from the model estimated without the 2005 benchmark data. These series are
comparable to PWT 6.2. As no benchmark data existed for China, the con-
structed series relies entirely on the predictions from the price level regression. It
is in this case that we can evaluate the role of the spatial error structure.
Through both the figure and the table it is clear that the inclusion of the spatial
structure has made a substantial difference to the predicted PPP series. The pre-
diction for China from PWT 6.2 for 2004 was Yuan 2.14; however, given the
ICP benchmark estimate of Yuan 3.45 for 2005, the 2004 prediction should have
been in the order of Yuan 3.3 to be on target. Our model (with spatial errors)
predicted the 2004 value to be Yuan 2.90 and Yuan 2.98 for 2005. The approach
presented in this paper is a simpler form of the more general framework we are

Figure 1. Australia. Extrapolated PPPs using models in Panels 2–5 and the constrained smoother

Notes: BPPP represent PPPs in benchmark years from the ICP; PWT 6.2 denotes PPPs from
Version 6.2 of the Penn World Tables; PPP-TW are the predicted PPPs from the model in Panel (2) of
Table 1 (includes trade weighted spatial errors and the 2005 ICP benchmark data); PPP-No05TW are
the predicted PPPs from the model in Panel (4) of Table 1 (includes trade weighted spatial errors but
2005 is treated as a non-benchmark year); PPP-NoSpatial is the same as PPP-TW except that no
adjustments are made for the presence of spatial autocorrelation (predictions from the model in Panel
(3) of Table 1); and PPP-No05NoSpatial is the model without spatial autocorrelation, and the 2005
benchmark data are not included in the analysis (predictions from Panel (5) in Table 1). These results
are useful in assessing the robustness of predictions from our model with respect to the inclusion of the
2005 benchmark data.
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proposing for the construction of panels of PPP, and the reader is referred to
RRD for the performance of this model when regression predictions are
used for all years (benchmark and non-benchmark years). In this case, the
predictions of our model are Yuan 3.10 and Yuan 3.18 for 2004 and 2005,
respectively. We note that the predictions produced by the model in Panel 5
(without spatial errors and 2005 ICP data) are extremely off target, Yuan 1.67
for 2005.

Turning to the models that included the ICP 2005 benchmark data, we note
that the inclusion of the spatial error structure has only a marginal effect on the
prediction of 2005, as the model without spatial autocorrelation predicts Yuan
3.44 and Yuan 3.45 for 2005 without and with spatial errors, respectively. This is
an expected result given that this is an in-sample prediction.

India

India participated in the global comparisons of 1980, 1985, and 2005. The
time lapsed between 1985 and 2005 is considerable, and thus the task of the PWT
as well as our model (without the 2005 benchmark data) is considerable. The PPP
predictions from our model when 2005 is not known and there are no spatial errors
is again extremely off target and simply unacceptable. The predictions are sub-
stantially improved by the inclusion of the spatial error. The PWT 6.2 prediction
for 2003 is Rupee 8.14, our spatial model predicts Rupee 10.3. To be consistent

Figure 2. China. Extrapolated PPPs using models in Panels 2–5 and the constrained smoother

Note: Legends used here are the same as those used in Figure 1.

Review of Income and Wealth, Series 56, Special Issue 1, June 2010

© 2010 The Authors
Journal compilation © International Association for Research in Income and Wealth 2010

S86



with the 2005 ICP value (Rupee 14.67), the 2003 prediction should have been in the
order of Rupee 13.80.45

The predictions from the models that include the 2005 ICP data (with and
without spatial errors) produce a marginally lower prediction than that of the ICP
with values of Rupee 14.60 for 2005. The PPP series presented in Figure 3 and the
fourth and sixth column of Table 4 are useful to observe the degree of inconsis-
tency between the ICP benchmark observations and national accounts implied
movement in prices. When the smoother is not constrained to preserve growth
rates, the series obtained is that in Table 4, fourth column. In this case the PPP
predictions are closer to the ICP benchmarks of 1975, 1980, and 1985 than the
predictions obtained when the smoother is constrained to maintained implicit
price movements (sixth column of Table 4 and Figure 3). For example, the ICP
benchmark for 1985 is Rupee 4.667, the predicted value when growth rates are
allowed to deviate from published sources is Rupee 4.621, while the predicted
value from the series consistent with nationally reported price movements is
Rupee 5.94.

Nigeria

Nigeria participated in the 1980, 1985, 1996, and 2005 ICP benchmarks. The
predicted PPPs are in Tables 5 and Figure 4. Relying heavily on the historical ICP

45As in the case of China, it is also the case for India that when we use our general framework (see
RRD and Rambaldi et al., 2010) the predictions are much closer to the ICP value.

Figure 3. India. Extrapolated PPPs using models in Panels 2–5 and the constrained smoother

Note: Legends used here are the same as those used in Figure 1.
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benchmarks and published growth rates, the model that does not incorporate the
2005 ICP, predicts Naira 80.3 when spatial errors are include and Naira 75.55
when no spatial error are used. The PWT 6.2 prediction for 2004 is Naira 58.77,
which would have implied Naira 68.8 in 2005. The ICP 2005 is Naira 60.00,46 which
implies a 2004 value of Naira 50.10. Our prediction of 2005, when 2005 ICP is
incorporated is Naira 60.39.

The combination of the earlier benchmarks and reported GDP deflator for
Nigeria strongly indicated a considerably higher value than that produced by the
ICP for 2005. This is a consistent pattern from PWT as well as our model.

Honduras

Honduras is one of the countries that did not participate in the 2005 round of
the ICP. Since no Central American country participated in this benchmark com-
parison, the available information for the region is only that from socio-economic
variables and GDP deflators. Table 6 and Figure 5 present the results. The pre-
dictions based on the models without spatial errors are significantly different in
both cases, that is, when 2005 ICP data are in the model as well as when these are
not in the model (see Table 6). The inclusion of the spatial error results in predic-
tions that are in the neighborhood of Lempira 8.00 when 2005 ICP is not known

46The complete model that includes regression predictions in non-benchmark years predicted
Naira 66.00 which is higher but much closer to the value ICP 2005 value (see RRD).
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Figure 4. Nigeria. Extrapolated PPPs using models in Panels 2–5 and the constrained smoother

Note: Legends used here are the same as those used in Figure 1.
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and higher when the 2005 ICP benchmark is included in the model.47 These
estimates are in line with the PWT 6.2 predictions for Honduras.

6. Conclusions

The econometric methodology suggested in the paper for the construction of
a consistent panel of purchasing power parities represents a significant attempt to
provide a clear and coherent approach since the first attempt by Summers and
Heston (1988) to achieve consistentization between benchmarks and national
growth rates. The approach proposed in this paper offers a formal econometric
solution to the problem raised, and the method discussed here proposes a flexible
method of extrapolating PPPs under different types of constraints including,
firstly, tracking benchmark PPPs, and secondly, tracking national growth rates.
The method described here makes use of PPP data from all the benchmarks which
is a superior approach to that in the current practice of basing extrapolations on
data from a single benchmark. Further, the method ensures that the extrapolations
derived are weighted averages of the extrapolations from different benchmarks
derived using movements in national deflators. The paper provides an analytical
proof of this property of the extrapolation method.

47The estimates are closer to Lempira 10.00 and standard errors lower if regression predictions are
used in non-benchmark years (see RRD).
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Figure 5. Honduras. Extrapolated PPPs using models in Panels 2–5 and the constrained smoother

Note: Legends used here are the same as those used in Figure 1.
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In the empirical part of the paper we present extrapolations based on our
methodology and compare and contrast them with the published PPPs from the
Penn World Table Version 6.2. The methodology proposed is applied to a large
dataset covering 141 countries and a 35-year period, 1970 to 2005, for generating
predictions. In this paper we also examine the performance of the new methodology
by producing extrapolations with and without the 2005 benchmark year. We find
that when spatial autocorrelation is modeled and used, the extrapolated PPPs
without the 2005 benchmark are quite meaningful. Given the large size of the panel
of PPPs, the paper presents results for a selected set of countries, including China,
India, Australia, Honduras, and Nigeria, to examine the plausibility of the extrapo-
lations. The results based on the new econometric methodology are very encourag-
ing and perform quite well compared to the existing extrapolations available.

The econometric approach enunciated in this paper based on a state–space
formulation of the basic information is shown to provide a viable alternative to the
present practice of basing the extrapolations of PPPs on a single benchmark year.
A major advantage with our approach is the flexibility it offers and its ability to
make use of all the information available at any given point of time. The method
also provides standard errors associated with the extrapolated PPPs.

Appendix: Kalman Filter Predictions with No Regression Information in
Non-Benchmark Years is a Weighted Sum of Observed Benchmarks

We present the equations of the Kalman filter to assist the presentation.

� �
p p ct t t t− −= +1 1(A.1)

Y Yt tt− = +−1 1 Q̂(A.2)

� � �
p p Z F y B X Z pt t t t t t t t t t t t t= + ′ − − ′( )− −

−
−1 1

1
1Y q̂(A.3)

Y Y Y Yt t t t t t t t t= − ′− −
−

−1 1
1

1Z F(A.4)

F Z Z Ht t t t t t= ′ +−Y 1
ˆ(A.5)

where,
Q̂, Ĥt, q̂ are estimates.�
pt is the Kalman filter estimate of the state vector.
Yt is the Kalman filter estimate of the unconditional covariance of the state vector.
Yt t+
−

1
1

is the Kalman filter estimate of the conditional covariance of the state vector.

Suppose there are M + 1 benchmark years at times t(0), t(1), . . . , t(M), where t(0) = 0, and
no information is added between benchmark years.

Let
�
pT be the Kalman filter estimate of pT and

�
pT j j M, , , , . . . ,= 0 1 be the

M + 1 different estimates of pT obtained by applying growth rates to the benchmark
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observations until time t = T. Further, we define G(i), the Kalman gain48 at t = t(i) which in our
case takes the form:

G
F

I
i

i

i
t t t( ) =

>
=

⎧
⎨
⎩

−
−Y 1

1 0

0

for

for
.(A.6)

Proposition

The Kalman filter estimate,
�
pT , is a weighted sum of the �

pT j j M, , , , . . . ,= 0 1 .
That is,

� �
p pT i

M
T i

i

M

= ( )

=
∑ϒ ,

0
(A.7)

where the weights ϒi
M( ) are defined as

ϒi
M

j

M i

M j i i M

i i M

( )
=

−

=
− − +( )( )⎡

⎣⎢
⎤
⎦⎥
( ) = −

( ) =

∏ I G G

G

1 0 1 1
1

for , , . . . ,⎧⎧
⎨
⎪

⎩⎪
.(A.8)

Lemma

The ϒi
M( ) defined in (A.8) are the product of positive definite (pd) matrices and

ϒi
M

i

M

N
( )

=
∑ =

0

I .(A.9)

Proof of Lemma

In (A.2) Yt-1 is positive semidefinite (psd) or pd and Qt is positive definite (pd). Therefore,
Yt|t-1 is pd for all t. Also, by definition Ft in (A.5) must be pd as Ht is pd. Thus, G(i) is the product
of pd matrices for all i.

Also, post-multiplying (A.5) by Ft
−1, we have

I F H F

G H F
N t t t t t

t ti

= +
= ( ) +

−
− −

−

Y 1
1 1

1

ˆ

ˆ .

Therefore, I G H FN t ti− ( ) = −ˆ 1, and is also the product of pd matrices for all i. Thus, it follows that
by (A.8) ϒi

M( ) is the product of pd matrices.
We will now establish that for ϒi

M( ) defined by (A.8), (A.9) holds. The proof will proceed by
induction and we note that the form of ϒi

M( ) in (A.8) implies that:

ϒ ϒi
M

i
MM( ) −( )= − ( )[ ]I G 1 .(A.10)

We will now assume that (A.9) is true for M - 1. That is,

48See Harvey (1990, p. 110).
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ϒi
M

i

M

N
−( )

=

−

∑ =1

0

1

I .(A.11)

Then from (A.10) and (A.9)

ϒ ϒ ϒ

ϒ

i
M

i

M

i
M

i

M

M
M

i
M

i

M

M M

( )

=

( )

=

−
( )

−( )

=

−

∑ ∑

∑

= +

= − ( )[ ] + ( )

0 0

1

1

0

1

I G G ,

and so by the assumption (A.11)

ϒi
M

i

M

N
=
∑ =

0

I .

Therefore if (A.9) is true for M - 1, it is also true for M.
Now, set M = 1

ϒ ϒ ϒi
M

i

M
( )

=

( ) ( )∑ = +
0

0
1

1
1 .

From (A.8) and (A.6)

ϒ ϒo
1

1
11 1( ) ( )= − ( )( ) = ( )I G G, .(A.12)

Therefore, (A.9) is true for M = 1 and so, by induction,

ϒi
M

i

M

N M( )

=
∑ =

0

I for all as required.

Proof of Proposition

In order to ease the notational burden, we will prove (A.7), first for the case T = t(M) and
then extend to the case T > t(M).

Assume (A.7) and (A.8) are true for T = t(M - 1).
That is,

� �
p pt M i

M
M i

i

M

−( )
−( )

−( )
=

−

= ∑1
1

1
0

1

ϒ , .(A.13)

Now, at t = t(M) a benchmark observation, y(M), becomes available. By definition

�
p yt M M M( ) = ( ), .

The Kalman filter updating formula (see (A.3)) gives:
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� � �
p p c G y p ct M t M t MM M( ) −( ) −( )= +( ) + ( ) ( ) − −( )[ ]1 1(A.14)

where c is the cumulated growth rates from t(M - 1) to t(M).
Thus,

� � �
p I G p c G pt M t M t M MM M( ) −( ) ( )= − ( )[ ] +[ ]+ ( )1 .

Now, by assumption (A.13)

� �
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And so if (A.7) and (A.8) are true for t(M - 1), then they are also true for t(M).
Now set M = 1. This implies two benchmark years, at t(0) = 0 and t(1). By definition,� �

p p yt 1 0 0 0( ) = = ( ), , and
�
p yt 1 1 1( ) = ( ), .

Then, using the Kalman updating formula,
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Thus (A.7) and (A.8) hold for M = 1, and hence, by induction, for all M.
We can now easily extend the result for T > t(M). If we denote the cumulated growth rates

from t(M) to T by c , then
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Special Case

If the elements of ht and xt are contemporaneously uncorrelated (that is, Qt and Ht are
diagonal) it is easily shown that the ϒi

M( ) are diagonal and positive definite for all i = 1, . . . , M,
provided Y0 � 0.

Suppose that
�
pjT and

�
pjT i, are the Kalman filter and benchmark estimates (from the i-th

benchmark) of the PPP of country j at time t = T > t(M). Denote by υ jj i
M
,
( ) the j-th diagonal

element of ϒi
M( ). It then follows that

� �
p pjT jj i

M
jT i

i

M

= ( )

=
∑υ , , .

0

Furthermore, because ϒi
M( ) is pd, and from (A.9), it follows that υ jj i

M
,
( ) > 0 and υ jj i

M

i

M

,
( )

=
∑ =

0

1.

Thus, in this special case the Kalman filter estimate for country j is the weighted average of
the M + 1 “benchmark only” estimates for that country. The weights are not arbitrary, but
determined by the fundamental covariance matrices Qt and Ht.
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