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ESTIMATES OF THE AGGREGATE QUARTERLY CAPITAL STOCK
FOR THE POST-WAR U.S. ECONOMY
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We construct quarterly aggregate gross and net capital stock series for the post-war U.S. economy
using annual capital stock, capital depreciation, and capital discard figures along with quarterly
investment series. We construct nominal and real measures of all three categories in the aggregate
capital stock : consumer durable goods, producer durable goods, and business structures. In construct-
ing the nominal series we take into account the changes in capital goods’ prices. The series are
constructed using four different methods. Using time- and frequency-domain techniques, we compare
the constructed series and characterize their short-run, business cycle, and long-run cyclical properties.
We find that the constructed series exhibit very different cyclical and shock persistence dynamics.
Practial implications are discussed.

1. INTRODUCTION

Most economic time series are of accounting nature and are sampled in
discrete time intervals. This distinguishes economic data from data generated by
physical processes which often are recorded continuously. Some economic time
series are sampled with relatively low frequency. For example, because of the
nature of aggregate capital stock data and its collection method, it is only collected
on an annual basis. However, in the empirical macroeconomic literature that
focuses on various aspects of input-output relationship, business cycles, growth
etc., often there is a need for a high frequency data. For example, for estimating
a short-run aggregate production function one would ideally use quarterly, rather
than annual data, since with low frequency data it would be impossible to capture
any short-run phenomenon that occurs within a single period of the sampling
interval. Similarly, in analyzing the dynamic relationship between aggregate fac-
tors of production and output, it is preferable to look at the data using quarterly
observations because some dynamic phenomena that perhaps take place within
the period of a year will not be captured if annual data is used. In addition,
from an econometric point of view, use of quarterly data instead of annual data

Note: We are grateful to the anonymous referee for comments, suggestions, and especially the
insight. We also thank John Musgrave of the BEA for patiently answering many of our questions
and for providing us with the annual capital stock discard and depreciation figures. Martin J. Bailey
and John Musgrave have read earlier versions of this manuscript and provided many comments and
suggestions. We also thank Shomu Banerjee, Bob Carpenter, Hashem Dezhbakhsh, Hal Fried, Eshi
Motahar, and Shelton Schmidt for helpful discussions and Guofen Yin for programming assistance.
The usual disclaimer applies.

A diskette with a complete set of tables (in ASCII) containing the constructed quarterly nominal
and real series of gross and net capital stock of all three categories is available upon request. Address
all correspondence to : Daniel Levy, Department of Economics, Emory University, Atlanta, GA 30322,
U.S.A., ECONDL@UNIX.CC.EMORY.EDU.
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quadruples the sample size which makes empirical statistical inference more
reliable.

In this paper we construct quarterly aggregate gross and net capital stock
series for the post-war U.S. economy. The series are constructed for all three
major categories of the capital stock: consumer durable goods (henceforth CDG),
producers durable goods and equipment (henceforth PDG), and business struc-
tures (henceforth BS).' The period covered is 1947:1-1991:4. All six quarterly
series are constructed in real and nominal terms. Although Gordon and Veitch
(1986) have constructed quarterly capital stock estimates, the capital stock series
reported in this paper are not identical to their series for several reasons. First,
their series only go to 1983. Second, we are using recently revised annual capital
stock series which significantly differ from the older series they used.? Third, we
adjust the gross capital stock estimates using the figures on the annual capital
discards, which are quite significant, especially during the 1970s and 1980s. Fourth,
we use four different techniques to construct the capital stock series. And fifth,
our estimates of the nominal quarterly capital stock series are adjusted for quart-
erly changes in capital goods prices which during some years were very substantial.
The constructed quarterly series are compared to each other as well as to the
original annual series from which they were constructed by examining their statist-
ical and cyclical properties using time and frequency domain techniques. Consider-
able attention is given to a comparative analysis of short-run, business cycle, and
long-run behavior of the constructed series using univariate spectral analysis. In
addition, we compare long-run shock persistence (i.e., unit root) properties of the
constructed series using a frequency domain equivalent of the variance ratio test.

The paper is organized as follows. In the next section we discuss the methodol-
ogy used in the paper. In section III we describe the data set used. In section IV
we describe and compare the constructed quarterly capital stock series using vari-
ous time and frequency domain statistical measures. The paper ends with a brief
summary of practical implications and some concluding remarks.

II. METHODOLOGY
1. Construction of Quarterly Net Capital Stock Series

The quarterly net capital stock series reported here are constructed using
four different techniques. The first method is a segmented linear interpolation of
the corresponding annual series.’ Despite the fact that linear interpolation is a
somewhat naive procedure, in the case of capital stock series it is potentially
useful, since time series of capital stock tend to be rather smooth and therefore

'Consumer durable goods are not usually counted as part of capital stock. In fact, as the referee
noted, the U.S. is the only country to include consumer durable goods in capital stock.

*The revision of the annual capital stock series followed the recent comprehensive revision of the
National Income and Product Accounts (NIPA). In addition to the inclusion of these NIPA revisions,
the revised capital stock data as well as the revised NIPA estimates of consumption of fixed capital,
reflect a revision in the service lives of several types of assets. As Musgrave (1992) suggests, the
resulting changes in the annual capital stock series are quite significant, especially after 1970. See
Musgrave (1992) for details.

According to Boyer and Merzbach (1991), linear interpolation was apparently used as early as
2000 B.C. in ancient Babylonian Mesopotamia to construct exponential tables.
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the approximation error may not be significant in general. A linear interpolation
method is implemented by generating quarterly data points along the segmented
straight lines connecting two consecutive annual observations. More formally,
linearly interpolated quarterly capital stock series are constructed by taking

(1) Ki:j:Ki—l+kj [= 1948,49,...,91;jzl,2, 3, and4,
with

Ki—Ki( .
) =tk

where i denotes the year and j denotes the quarter, K; ; is the quarterly net capital
stock for year:quarter i:j and K; is the end of year i capital stock.

Substituting (2) into (1) and rearranging yields an alternative representation
of the linear interpolation formula:

(3) K,-:j=<1 —ﬁ)K,-_,+JZK,-, i=1948,49,...,91;j=1,2,3,and 4,

which represents the quarterly capital stock series as a linear combination of the
annual values by defining the capital stock of year:quarter i:j as a weighted
average of the last year’s and this year’s annual capital stock series, where the
weights within the year are changing with quarters. By construction, the above
formula implies that the fourth quarter capital stock exactly equals the end of the
year value. That is, K; ;= K, for j=4.

The second technique uses the annual capital stock data and exploits the
capital accumulation relationship between capital stock and the corresponding
investment series to estimate quarterly depreciation rates which vary over time.
These depreciation rates are then used in construction of quarterly capital stock
series.* Thus, denoting investment of year:quarter i:j by I,.;, and the quarterly
depreciation rate of year i by §;, which by assumption remains unchanged within
the period of a year, for net capital stock series we have

4) Ki=(1-0)Ki—1+1,
&) Kir=(1—-06,)K;.1 +1;,
(6) Kiz=(1—0)Kir+ 15
N Kia=(1—-0)K;3+ 1.4

which after recursive substitution of (4), (5), and (6) into (7), and using the fact
that K;.,= K;, yields

(8 Ki=(1- 51’)4Ki—1 +(1- 5:’)311‘: 1 +(1- 5i)21i:2+ (1=6)i3+ 14

where i=1948, 49, . . ., 91. Egnation (8) expresses the quarterly depreciation rate,

d:, as a nonlinear function af the last year’s and this year’s annual capital stock
and this year’s quarterly investment. The system of equations given in (8) are

“The annual depreciation estimates published by the U.S. Bureau of Economic Analysis are based
on a straight-line formula, which assumes equal dolfar depreciation over the life of the asset.
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solved for §; using Newton’s iteration formula. For most years the convergence
was achieved within 3-4 iterations, although for some years we needed as many
as 6 iterations. Once the 8, s are determined, equations (4)-(6) are used recursively
to estimate the quarterly capital stock.

The third method estimates the quarterly depreciation by linearly interpolat-
ing the annual depreciation figures. Thus,

9) A=A+ 0 i=1948,49,...,91;j=1,2,3,and 4,
with
AI_Ai—I .
0,= L.
i 4 J

where A;,; is the quarterly depreciation of the capital stock for year:quarter i:j
and A, is the depreciation during year i. Next, these estimates are used along with
the annual net capital stock and the quarterly investment series to construct the
quarterly net capital stock series:

(10) Ki:j=Ki:j—l—Ai:j+]i:j l=]948,49,..,91,_]=1,2, 3, and4,
which after substitution of (9) can be rewritten as

J J
(11) Ki;j:‘Ki:j_l*_[(l_Z)AiI+ZAi:l+],‘;j

where K;.;— ;= K;_, for j=1. Note that the comment made above on the usefulness
of the linear interpolation applies here as well since the actual annual depreciation
series turned out to be relatively smooth.

The fourth method estimates the quarterly depreciation figures by assuming
that the annual depreciation is spread equally across the four quarters of the year.
This leads to the following estimate of the quarterly net capital stock series:

A;
(12) K,-;j=K,<:j_l—Z+I,-;j i=1948,49,...,91;,;=1,2,3,and 4,

where K,.;_ =K, for j=1.

It should be mentioned that by construction, with the exception of method
three, the fourth quarter capital stock estimates will equal the corresponding
annual values regardless of the method used. To see why method three gives a
different estimate of the fourth quarter capital stock, let us compare the fourth
quarter estimate from that method to the fourth quarter estimate of say, method
four. Starting with method four, quarterly evaluation of (12) yields

A;
(13) K=K 1+, ——
4
A,
(14) Ki:2=Ki:1+Ii:2—~:
A;
(15) Ki:3=Ki:2+]i:3—Z
A;
(16) Ki:4=Ki:3+]i:4_Z'
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where we used the fact that K;.;—, = K;_, for j=1. A recursive substitution of (13),
(14), and (15) into (16) yields

A;
Kia=Ki_+1g+ 1+ 1s+ I.s—4 Z

which implies that according to method four,
(17) K,‘:4= i_1+li”‘A,'.

That is, the end of the year (end of the fourth quarter) net capital stock equals last
year’s net capital stock plus this year’s investment minus this year’s depreciation.

To derive a similar expression for method three, start with (11) to get the
quarterly capital stock estimates,

1 1

(18) Ki:1=Ki—|+1i:1‘|:(1_Z>Ai—1+ZAi:|
(19) K., =K, +1 —_(I—E)A +2Aﬂ
i:2 il i:2 L 4 i—1 4 1—

_ 3 3 -

(20) Kis=Ki,+1is—|{1—— A+ A
L\ 4 4 ]

(. 4 4 ]

-21) Kis=Ki3+1.4— (1_‘)Ai~l+‘Ai
L 4 4 ]

which after recursive substitution of (18), (19), and (20) into (21) yields
3 5
(22) Kis=K, +1,— EAI-—H‘EA:‘ .

Comparing (22) to (17), it is clear that the two methods will yield different esti-
mates for the fourth quarter unless A;=3A,_;+3 A;. However, for the latter to
hold, A; must equal —A;_ ,, which usually will not be true. An intuitive explanation
of this finding is that for estimating quarterly depreciation figures, method four
uses only this year’s depreciation while method three uses this year’s as well as
last year’s depreciation figures.

2. Construction of Quarterly Gross Capital Stock Series

To construct gross capital stock series, we use two methods. The first method
uses a linear interpolation given by (1)-(3). The second technique uses the annual
figures on capital discards, D;, to construct the quarterly series:

D;
(23) Ki:j:Ki:j-l-'-Ii:j—Z l=1948, 49,...,91;j=1,2, 3, and4,

where K;;—,=K;_, for j=1. Here also the fourth quarter capital stock estimates
will equal the corresponding annual values regardless of the method used.
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The methods described above are used for the construction of real as well as
nominal capital stock series. All the estimates of the nominal quarterly capital
stock series reported here are adjusted for quarterly variations in the prices of the
capital goods which have been quite significant during some years. The various
construction methods used here implicitly impose a constant rate of change in the
price of capital goods. Therefore, we multiply the nominal quarterly capital stock
series by the factor (KPIT/KPI{), where the numerator is the quarterly implicit
price deflator of the capital good (i.e., the true capital price index taken from the
CITIBASE and further described below), while the denominator is the quarterly
implicit price deflator we have constructed from the annual implicit price deflator,
computed using the series from Musgrave (1992), under the assumption that its
quarterly rate of change is fixed within the year.

Although not reported, we have also constructed the quarterly capital stock
series using perpetual inventory technique. However, the results were very unsatis-
factory since (depending on the starting point) the time series of the capital stock
estimated using this technique tend to increase at an unreasonably fast rate.

III. THE DaTa

The data series used in this work consists of annual nominal and real capital
stock series of consumer durable goods, producer durable goods, and nonresi-
dential business structures along with their price deflators. In addition, we use the
annual depreciation, annual discard, and the quarterly investment series of these
three categories. The source of the annual capital stock series is Musgrave (1992).
The source of investment and their price deflator series is Citicorp (1993). The
annual depreciation and discard figures are from the U.S. Bureau of Economic
Analysis (BEA). All real figures in this paper are in 1987 dollars. All the capital
stock data are for the end of the period. The particular series we used are listed
below. For each series we provide exact name/location used in the original source.
(a) Annual gross stock of CDG: Musgrave (1992), Tables 17 and 19 (Total)
(b) Annual net stock of CDG: Musgrave (1992), Tables 17 and 19 (Total)
(c) Annual gross stock of PDG & BS: Musgrave (1992), Tables 5 and 7
(Equipment, Structures)

(d) Annual net stock of PDG & BS: Musgrave (1992), Tables 6 and 8
(Equipment, Structures)

(e) Quarterly investment in CDG: CITICORP (1993), Series GCD, GCDQ,

and GDCD

(f) Quarterly investment in PDG: CITICORP (1993), Series GIPD, GIPDQ,
and GDIPD

(g) Quarterly investment in BS: CITICORP (1993), Series GIS, GISQ, and
GDIS

(h) Annual depreciation of CDG, PDG, and BS: BEA (1992)
(i) Annual discard of CDG, PDG, and BS: BEA (1992)
IV. EsTiMATION RESULTS

In order to save space, we only report the figures of the constructed real net
capital stock series. A complete set of tables containing the estimated quarterly
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nominal and real series of gross and net capital stock of all three categories are
available from the authors upon request. Time varying annual depreciation rates
estimated by solving the system of equations given in (8) are reported and analyzed
by Levy (1994).

1. Visual Comparison of the Constructed Series

In order to compare the capital stock series constructed using the four differ-
ent methods described in section 2, Table 1 (as an example) presents the estimated
quarterly real net capital stock series of consumer durable goods constructed using
the four methods.

As expected, the end of fourth-quarter values of the capital stock series are
identical for the methods of segmented linear interpolation, numerical iteration,
and equal quarterly depreciation. The end of fourth-quarter values for the series
generated using the method of interpolated depreciation are different as predicted
by equation (22).

In Table 2 we present the estimated quarterly real net capital stock series of
producer durable goods. Similarly, in Table 3 we present the estimated quarterly
real net capital stock series of nonresidential business structures.

The correlation coefficient between the constructed quarterly capital stock
series is relatively high (between 0.95-0.99). Therefore, in order to highlight the
differences between the four methods, on Figure 1 we plot the four estimated
series of real, net capital stock of consumer durable goods measured in first
differences for the period 1989:1-1991:4. A visual comparison of the series reveals
that segmented linear interpolation of the annual capital stock series (method
one) yields the least volatile quarterly series, while segmented linear interpolation
of the annual depreciation series (method three) yields the most volatile quarterly
series. In terms of relative volatility, the other two series fall between these two
extremes.’

In order to say more about time series properties of the quarterly capital
stock series constructed by various methods, we consider three statistical measures.
One is the autocorrelation function, p,, which is the correlation coefficient of the
current value of the series with the same series lagged k periods. In this paper we
consider k=1, 2,...,24. The second measure is spectral density function. The
third measure is a frequency domain version of the variance ratio test often
used to analyze shock persistence properties of economic time series. Unlike the
autocorrelation function which is estimated in time domain, spectral density func-
tion is defined in frequency domain. Spectral analysis of the estimated capital
stock series can be useful since spectral density can provide us with information
on the cyclical properties of time series. Below we briefly explain the concept of
spectral density. For a more detailed discussion of frequency domain methods see
Koopmans (1974).

*The plot generated by segmented linear interpolation of the annual capital stock series has flat
portions since the interpolation is essentially done by adding to each quarterly value 1/4 of the linear
distance between the annual observations. Therefore, when we compute the first difference of the
interpolated quarterly series, within the interpolation period (a year) it should remain unchanged.
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TABLE 1

EsTiMATED QUARTERLY NET CAPITAL STocK: CoNsUMER DuraBLE GooDs

(billions of 1987 dollars)

Linear Numerical Interpolated Equal Quarterly

Time Interpolation Iteration Depreciation Depreciation
1948.1 195.62 195.84 196.24 195.30
1948.2 201.35 201.30 202.17 200.60
1948.3 207.08 207.08 208.43 206.55
1948.4 212.80 212.80 214.68 212.80
1949.1 219.10 217.93 218.43 217.38
1949.2 225.40 22473 225.68 223.94
1949.3 231.70 231.50 232.99 230.89
1949.4 238.00 238.00 240.09 238.00
1950.1 246.48 244.80 245.27 244.10
1950.2 254.95 251.45 252.42 250.48
1950.3 263.43 263.28 264.76 262.43
1950.4 271.90 271.90 274.24 271.90
1951.1 278.02 281.30 281.16 280.67
1951.2 284.15 287.04 287.13 286.31
1951.3 290.27 291.88 292.37 291.38
1951.4 296.40 296.40 297.38 296.40
1952.1 300.73 300.92 301.55 300.54
1952.2 305.05 305.78 306.98 305.29
1952.3 309.38 308.89 310.58 308.56
1952.4 313.70 313.70 315.73 313.70
1953.1 319.10 319.55 319.88 319.09
1953.2 324.50 324.67 325.40 324.08
1953.3 329.90 329.55 330.70 329.11
1953.4 335.30 335.30 336.89 335.30
1954.1 339.32 339.00 340.05 338.67
1954.2 343.35 34242 344.29 342.00
1954.3 347.37 346.22 348.65 345.90
1954.4 351.40 351.40 354.15 351.40
1955.1 358.08 357.01 357.81 356.42
1955.2 364.75 364.02 365.51 363.20
1955.3 371.42 371.20 373.35 370.57
1955.4 378.10 378.10 380.88 378.10
1956.1 382.45 383.37 383.64 382.94
1956.2 386.80 387.82 388.45 387.27
1956.3 391.15 391.83 392.85 391.44
1956.4 395.50 395.50 396.91 395.50
1957.1 398.85 399.89 400.21 399.55
1957.2 402.20 403.45 404.13 403.02
1957.3 405.55 406.17 407.21 405.88
1957.4 408.90 408.90 410.23 408.90
1958.1 409.98 409.93 410.38 409.85
1958.2 411.05 410.70 411.48 410.60
1958.3 412.13 411.55 412.52 411.48
1958.4 413.20 413.20 414.25 413.20
1959.1 416.00 415.64 416.31 415.37
1959.2 418.80 419.00 420.18 418.61
1959.3 421.60 422,51 424.09 422.20
1959.4 424.490 424.40 426.28 424 40
1960.1 427.12 427.18 427.14 426.90
1960.2 429.85 430.56 430.58 430.18
1960.3 432.58 433.39 433.59 433.11
1960.4 435.30 435.30 435.77 435.29
1961.1 436.60 436.00 435.87 435.92
1961.2 437.90 436.78 436.59 436.67
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TABLE l—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1961.3 439.20 438.04 437.85 437.95
1961.4 440.50 440.50 440.39 440.50
1962.1 443.83 443.21 443 .45 442.94
1962.2 47.15 446.35 446.84 445.99
1962.3 450.48 449.56 450.30 449.28
1962.4 453.80 453.80 454.82 453.80
1963.1 458.72 458.40 458.66 45797
1963.2 463.65 463.32 463.89 462.74
1963.3 468.57 468.35 469.29 467.91
1963.4 473.50 473.50 474.89 473.51
1964.1 479.92 479.80 480.02 479.21
1964.2 486.35 486.42 486.98 485.62
1964.3 492.77 493.70 494.71 493.09
1964.4 499.20 499.20 500.82 499.20
1965.1 508.38 508.15 508.23 507.38
1965.2 517.55 516.64 517.03 515.61
1965.3 526.72 525.85 526.77 525.07
1965.4 535.90 535.90 537.60 535.91
1966.1 546.30 548.20 548.20 547.26
1966.2 556.70 557.82 558.21 556.65
1966.3 567.10 567.99 568.98 567.11
1966.4 577.50 577.50 579.37 577.50
1967.1 586.67 586.35 586.71 585.58
1967.2 595.85 596.52 597.35 595.47
1967.3 605.02 605.65 607.13 604.87
1967.4 614.20 614.20 616.46 614.21
1968.1 625.83 625.17 625.66 624.24
1968.2 637.45 636.50 637.60 635.24
1968.3 649.08 649.06 650.91 648.08
1968.4 660.70 660.70 663.53 660.70
1969.1 671.47 672.71 673.59 671.78
1969.2 682.25 683.79 685.60 682.58
1969.3 693.03 694.19 696.93 693.30
1969.4 703.80 703.80 707.43 703.80
1970.1 711.05 712.09 712.73 711.42
1970.2 718.30 720.46 721.76 719.56
1970.3 725.55 728.60 730.57 727.93
1970.4 732.80 732.80 735.43 732.79
1971.1 742.38 740.99 741.84 740.27
1971.2 751.95 749.93 751.57 748.95
1971.3 761.53 759.76 762.14 759.00
1971.4 771.10 771.10 774.24 771.10
1972.1 783.72 782.37 783.57 781.40
1972.2 796.35 794.27 796.57 792.95
1972.3 808.97 806.70 810.05 805.70
19724 821.60 821.60 825.95 821.60
1973.1 837.17 840.28 840.67 838.87
19732 852.75 856.64 857.84 854.84
1973.3 868.33 871.54 873.84 870.23
1973.4 883.90 883.90 887.51 883.90
1974.1 893.08 894.87 895.16 894.00
1974.2 902.25 905.91 906.68 904.75
1974.3 911.42 916.82 918.27 915.95
1974.4 920.60 920.60 922.92 920.60
1975.1 928.27 925.71 926.28 92523
1975.2 935.95 931.52 932.58 930.84
1975.3 943.62 940.73 942.23 940.15

325



TABLE I—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1975.4 951.30 951.30 953.39 951.30
1976.1 963.47 963.86 965.05 962.88
1976.2 975.65 975.84 978.18 974.55
1976.3 987.82 987.64 991.03 986.67
1976.4 1,000.00 1,000.00 1,004.36 1,000.00
1977.1 1,015.25 1,014.53 1,015.45 1,013.34
1977.2 1,030.50 1,029.74 1,031.64 1,028.12
1977.3 1,045.75 1,045.13 1,048.13 1,043.91
19774 1,061.00 1,061.00 1,065.22 1,061.00
1978.1 1,077.60 1,075.40 1,075.54 1,074.12
1978.2 1,094.20 1,094.40 1,094.96 1,092.60
1978.3 1,110.80 L1111 1,112.61 1,109.78
1978.4 1,127.40 1,127.40 1,130.23 1,127.40
1979.1 1,141.03 1,143.36 1,143.73 1,142.23
1979.2 1,154.65 1,156.53 1,157.58 1,155.08
1979.3 1,168.28 1,170.65 1,172.56 1,169.56
1979.4 1,181.90 1,181.90 1,184.89 1,181.89
1980.1 1,187.18 1,191.87 1,192.76 1,191.41
1980.2 1,192.45 1,192.99 1,194.82 1,192.57
1980.3 1,197.73 1,197.07 1,199.45 1,196.76
1980.4 1,203.00 1,203.00 1,205.69 1,203.00
1981.1 1,207.93 1,210.88 1,210.98 1,210.38
1981.2 1,212.85 1,215.40 1,215.82 1,214.81
1981.3 1,217.78 1,221.88 1,222.63 1,221.42
1981.4 1,222.70 1,222.70 1,223.91 1,222.70
1982.1 1,226.07 1,225.46 1,226.04 1,225.26
1982.2 1,229.45 1,227.91 1,228.95 1,227.65
1982.3 1,232.82 1,230.59 1,231.95 1,230.39
1982.4 1,236.20 1,236.20 1,237.77 1,236.20
1983.1 1,246.62 1,241.38 1,242.08 1,240.78
1983.2 1,257.05 1,251.22 1,252.45 1,250.29
1983.3 1,267.48 1,262.89 1,264.72 1,262.12
1983.4 1,277.90 1,277.90 1,280.50 1,277.90
1984.1 1,296.40 1,295.56 1,295.78 1,294.18
1984.2 1,314.90 1,314.68 1,315.47 1,312.81
1984.3 1,333.40 1,332.48 1,334.28 1,331.09
1984.4 1,351.90 1,351.90 1,355.09 1,351.90
1985.1 1,374.50 1,373.70 1,374.85 1,371.99
1985.2 1,397.10 1,395.47 1,397.93 1,393.17
1985.3 1,419.70 1,421.65 1,425.55 1,419.84
1985.4 1,442.30 1,442.30 1,448.02 1,442.31
1986.1 1,468.58 1,464.64 1,466.02 1,462.81
1986.2 1,494.85 1,488.68 1,491.50 1,486.14
1986.3 1,521.13 1,519.75 1,524.12 1,517.69
1986.4 1,547.40 1,547.40 1,553.83 1,547.40
1987.1 1,570.30 1,568.39 1,569.58 1,566.72
1987.2 1,593.20 1,591.77 1,594.23 1,589.46
1987.3 1,616.10 1,617.65 1,621.58 1,615.85
1987.4 1,639.00 1,639.00 1,644.72 1,638.99
1988.1 1,663.85 1,664.78 1,666.17 1,662.94
1988.2 1,688.70 1,689.75 1,692.71 1,687.32
1988.3 1,713.55 1,712.71 1,717.40 1,710.94
1988.4 1,738.40 1,738.40 1,744.86 1,738.40
1989.1 1,761.50 1,761.87 1,763.68 1,760.12
1989.2 1,784.60 1,785.45 1,789.02 1,783.10
1989.3 1,807.70 1,810.46 1,815.78 1,808.67
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TABLE 1-—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1989.4 1,830.80 1,830.80 1,837.91 1,830.80
1990.1 1,848.88 1,853.32 1,856.02 1,851.81
1990.2 1,866.95 1,871.47 1,876.59 1,869.57
1990.3 1,885.02 1,888.87 1,895.91 1,887.49
1990.4 1,903.10 1,903.10 1,911.52 1,903.10
1991.1 1,912.32 1,911.41 1,914.30 1,910.75
1991.2 1,921.55 1,919.73 1,924.74 1,918.82
1991.3 1,930.77 1,930.27 1,936.66 1,929.55
1991.4 1,940.00 1,940.00 1,947.10 1,940.00

Source: Authors’ calculations.

2. Variance Decomposition in Frequency Domain

Spectral analysis is based on the idea that a stationary series can be decom-
posed into a sum of sine and cosine waves of different frequencies and amplitudes.
Just as musical tones are constructed by a superimposition of pure harmonics, or
light of various colors is composed of a mix of monochromatic components, in
frequency domain analysis we assume that an observed stochastic process is actu-
ally made up of many (possibly infinite) cyclical components of various wave-
length and amplitude. We are interested in determining how much of the total
variance (“‘power”) of the series is determined by each cyclical (or frequency)
component.

Consider a covariance stationary real valued univariate time series,
y(t), —oo <t < oo. Its autocovariance function is given by

T
(24) y(t)= lim %J y(+o)y(r) dt

T _r

which exists and is finite for every 7 by assumption. By changing variables it is easy
to show that y(1)= y(—1), which makes past observations useful in describing the
present or the future.

The spectrum of the series y(¢) is defined as the Fourier transform of its
autocovariance function, and is given by polar representation

(25) ﬁ(w)=ij y(t) e "° dr —r<w<r
2 )

o0

where o is the frequency and is measured in cycles per period.® Since f,(@) is
symmetric about @ =0, it is customary to limit the analysis to the frequency

®Thus, the autocovariance function is the inverse Fourier transform of the spectrum. That is,
7(1)={"_ f,(@) € dw. Therefore, autocovariance function and spectrum are equivalent and if either
is known, the other can be determined exactly. However, as Koopmans (1974) argues and as we
demonstrate below, these functions display different aspects of the covariation information about the
time series, and some dynamic and cyclical features of the data are easier to identify and interpret in
the frequency domain.
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TABLE 2

Estimated Quarterly Net Capital Stock: Producer Durable Goods

(billions of 1987 dollars)

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1948.1 357.53 358.98 359.16 358.51
1948.2 368.35 369.67 370.15 369.06
1948.3 379.18 379.61 380.47 379.17
1948.4 390.00 390.00 391.30 390.00
1949.1 396.73 398.79 399.15 398.48
1949.2 403.45 405.82 406.56 405.43
1949.3 410.18 411.58 412.66 411.30
1949.4 416.90 416.90 418.26 416.90
1950.1 424.52 422.22 422.58 421.94
1950.2 432.15 429.54 430.21 429.14
1950.3 439.77 438.66 439.61 438.33
1950.4 447.40 447.40 448.68 447.40
1951.1 455.12 454.74 455.11 454.42
1951.2 462.85 462.32 463.04 461.89
1951.3 470.58 470.46 471.52 470.13
1951.4 478.30 478.30 479.68 478.30
1952.1 484.72 486.04 486.34 485.74
1952.2 491.15 493.71 494.33 493.32
1952.3 497.57 498.01 498.97 497.76
1952.4 504.00 504.00 505.21 504.00
1953.1 510.65 510.91 511.44 510.62
1953.2 517.30 517.40 518.38 517.01
1953.3 523.95 524.32 525.67 524.03
1953.4 530.60 530.60 532.24 530.60
1954.1 535.05 535.31 535.85 535.11
1954.2 539.50 539.50 540.47 539.24
1954.3 54395 544.19 545.47 543.99
1954.4 548.40 548.40 549.88 548.40
1955.1 554.45 552.26 552.69 552.04
1955.2 560.50 557.93 558.69 557.60
1955.3 566.55 564.81 565.84 564.54
1955.4 572.60 572.60 573.91 572.60
1956.1 578.95 579.23 579.37 578.94
1956.2 585.30 585.48 585.82 585.10
1956.3 591.65 592.05 592.62 591.76
1956.4 598.00 598.00 598.86 598.00
1957.1 603.70 603.95 604.33 603.69
1957.2 609.40 609.48 610.19 609.14
1957.3 615.10 615.67 616.67 615.41
1957.4 620.80 620.80 622.07 620.80
1958.1 622.33 623.10 623.66 623.02
1958.2 623.85 624.36 625.33 624.27
1958.3 625.38 625.18 626.39 625.12
1958.4 626.90 626.90 628.16 626.90
1959.1 630.43 629.66 629.71 629.52
1959.2 633.95 633.02 633.13 632.81
1959.3 637.48 637.02 637.24 636.86
1959.4 641.00 641.00 641.38 641.00
1960.1 644.62 645.37 645.43 645.17
1960.2 648.25 649.95 650.13 649.70
1960.3 651.88 653.23 653.57 653.05
1960.4 655.50 655.50 656.02 655.50
1961.1 658.15 657.16 657.30 657.06
1961.2 660.80 659.61 659.86 659.47
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TABLE 2—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1961.3 663.45 662.22 662.58 662.11
1961.4 666.10 666.10 666.57 666.10
1962.1 670.67 670.42 670.45 670.21
1962.2 675.25 675.33 675.45 675.05
19623 679.83 680.02 680.30 679.81
1962.4 684.40 684.40 684.89 684.40
1963.1 690.08 689.06 689.23 688.83
1963.2 695.75 694.10 694.45 693.79
1963.3 701.42 700.19 700.74 699.94
1963.4 707.10 707.10 707.90 707.10
1964.1 715.35 714.52 714.63 714.18
1964.2 723.60 72225 722.54 721.79
1964.3 731.85 730.78 731.32 730.42
1964.4 740.10 740.10 741.00 740.10
1965.1 752.57 751.39 751.65 750.88
1965.2 765.05 762.90 763.49 762.20
1965.3 771.52 776.04 771.04 775.50
1965.4 790.00 790.00 791.54 790.00
1966.1 805.30 805.18 805.85 804.50
1966.2 820.60 820.97 822.30 820.05
1966.3 835.90 836.24 838.25 835.55
1966.4 851.20 851.20 853.90 851.20
1967.1 864.42 864.58 865.03 864.00
1967.2 877.65 878.13 879.07 871.35
1967.3 890.87 890.75 892.23 890.17
1967.4 904.10 904.10 906.16 904.10
1968.1 918.07 918.72 919.04 918.12
1968.2 932.05 931.77 932.53 930.99
1968.3 946.02 945.29 946.55 94471
1968.4 960.00 960.00 961.85 960.00
1969.1 975.25 975.94 976.23 975.28
1969.2 990.50 991.36 992.06 990.48
1969.3 1,005.75 1,006.66 1,007.91 1,006.00
1969.4 1,021.00 1,021.00 1,022.91 1,021.00
1970.1 1,033.38 1,03431 1,035.12 1,033.75
1970.2 1,045.75 1,047.04 1,048.58 1,046.30
1970.3 1,058.12 1,060.11 1,062.29 . 1,059.55
1970.4 1,070.50 1,070.50 1,073.24 1,070.50
1971.1 1,080.88 1,080.73 1,081.22 1,080.29
1971.2 1,091.25 1,091.10 1,092.05 1,090.51
1971.3 1,101.62 1,101.09 1,102.51 1,100.65
1971.4 1,112.00 1,112.00 1,113.85 1,111.99
1972.1 1,125.32 1,123.16 1,124.39 1,122.64
1972.2 1,138.65 1,135.40 1,137.59 1,134.67
1972.3 1,151.97 1,148.57 1,151.51 1,148.01
1972.4 1,165.30 1,165.30 1,168.80 1,165.30
1973.1 1,185.93 1,184.60 1,184.93 1,183.71
1973.2 1,206.55 1,205.68 1,206.51 1,204.47
1973.3 1,227.18 1,226.75 1,228.28 1,225.84
1973.4 1,247.80 1,247.80 1,250.24 1,247.80
1974.1 1,267.18 1,269.01 1,269.39 1,268.12
1974.2 1,286.55 1,289.57 1,290.51 1,288.40
1974.3 1,305.93 1,308.91 1,310.58 1,308.05
1974.4 1,325.30 1,325.30 1,327.83 1,325.30
1975.1 1,335.62 1,336.26 1,337.83 1,335.80
1975.2 1,345.95 1,345.99 1,348.78 1,345.40
19753 1,356.27 1,356.07 1,359.68 1,355.62
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TABLE 2—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1975.4 1,366.60 1,366.60 1,370.65 1,366.60
1976.1 1,377.03 1,376.20 1,377.44 1,375.75
1976.2 1,387.45 1,386.00 1,388.21 1,385.40
1976.3 1,397.88 1,396.74 1,399.65 1,396.28
1976.4 1,408.30 1,408.30 1,411.68 1,408.30
1977.1 1,424.45 1,422.95 1,423.60 1,422.26
1977.2 1,440.60 1,438.44 1,439.73 1,437.50
1977.3 1,456.75 1,454.55 1,456.52 1,453.84
1977.4 1,472.90 1,472.90 1,475.58 1,472.90
1978.1 1,493.85 1,490.69 1,491.90 1,489.78
1978.2 1,514.80 1,512.27 1,514.54 1,511.00
1978.3 1,535.75 1,534.10 1,537.38 1,533.12
1978.4 1,566.70 1,556.70 1,560.95 1,556.70
1979.1 1,579.07 1,580.88 1,581.86 1,579.80
1979.2 1,601.45 1,603.04 1,605.07 1,601.63
1979.3 1,623.82 1,625.82 1,628.89 1,624.76
1979.4 1,646.20 1,646.20 1,650.32 1,646.19
1980.1 1,661.95 1,666.91 1,667.74 1,666.11
1980.2 1,677.70 1,681.27 1,683.01 1,680.30
1980.3 1,693.45 1,695.03 1,697.59 1,694.34
1980.4 1,709.20 1,709.20 1,712.45 1,709.20
1981.1 1,722.65 1,722.84 1,724.74 1,722.19
1981.2 1,736.10 1,736.28 1,739.66 1,735.41
1981.3 1,749.55 1,750.64 1,755.07 1,749.98
19814 1,763.00 1,763.00 1,768.09 1,763.00
1982.1 1,767.78 1,770.72 1,773.29 1,770.41
1982.2 1,772.55 1,776.01 1,780.44 1,775.65
19823 1,777.33 1,779.73 1,785.23 1,779.49
1982.4 1,782.10 1,782.10 1,787.85 1,782.10
1983.1 1,787.68 1,782.69 1,783.44 1,782.57
1983.2 1,793.25 1,786.12 1,787.35 1,785.89
1983.3 1,798.82 1,792.43 1,793.96 1,792.21
1983.4 1,804.40 1,804.40 1,806.15 1,804.40
1984.1 1,818.85 1,815.56 1,817.03 1,814.89
1984.2 1,833.30 1,829.73 1,832.35 1,828.79
1984.3 1,847.75 1,845.32 1,848.85 1,844.58
1984 .4 1,862.20 1,862.20 1,866.47 1,862.20
1985.1 1,878.90 1,878.82 1,879.47 1,877.96
1985.2 1,895.60 1,896.36 1,897.71 1,895.20
1985.3 1,912.30 1,912.47 1,914.62 1,911.61
1985.4 1,929.00 1,929.00 1,932.01 1,929.00
1986.1 1,943.32 1,943.49 1,944.39 1,942.75
1986.2 1,957.65 1,958.39 1,960.14 1,957.40
1986.3 1,971.97 1,972.39 1,974.93 1,971.65
1986.4 1,986.30 1,986.30 1,989.58 1,986.30
1987.1 1,998.25 1,996.14 1,997.86 1,995.57
1987.2 2,010.20 2,007.57 2,010.58 2,006.76
1987.3 2,022.15 2,021.22 2,025.17 2,020.58
1987.4 2,034.10 2,034.10 2,038.68 2,034.09
1988.1 2,048.57 2,046.66 2,049.70 2,045.91
1988.2 2,063.05 2,061.46 2,066.74 2,060.42
1988.3 2,077.53 2,076.74 2,083.54 2,075.95
1988.4 2,092.00 2,092.00 2,099.60 2,092.01
1989.1 2,107.73 2,108.60 2,107.84 2,107.71
1989.2 2,123.45 2,125.88 2,124.91 2,124.70
1989.3 2,139.18 2,141.43 2,140.82 2,140.56
1989.4 2,154.90 2,154.90 2,155.16 2,154.90
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TABLE 2—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1990.1 2,167.25 2,168.01 2,170.71 2,167.32
1990.2 2,179.60 2,179.57 2,184.32 2,178.68
1990.3 2,191.95 2,192.54 2,198.62 2,191.85
1990.4 2,204.30 2,204.30 2,211.07 2,204.30
1991.1 2,210.73 2,210.61 2,212.33 2,210.26
1991.2 2,217.15 2,216.71 2,219.70 2,216.24
1991.3 2,223.58 2,223.74 2,227.52 2,223.37
1991.4 2,230.00 2,230.00 2,234.15 2,230.00

Source: Authors’ calculations.

interval 0 < @ < m. Note that the area under the spectrum exactly equals the uncon-
ditional variance of y(f). That is, j’iﬂfy(a)) dw = y(0), which is the variance of the
series as (24) indicates. Therefore, the area under the spectral density between
any two frequencies measures the portion of the variation in the series that is
due to cyclical components between those two frequencies. This implies that the
spectrum of a time series tells us how much each frequency component contributes
to the total variance of the series. In other words, the spectrum of a series decom-
poses the total variation in the time series by the cycle length of various periodic
components. An additional feature practitioners often emphasize in spectral
analysis is the presence of peaks in the spectrum which indicates an existence of
statistically important periodicities in the time series.

By definition, frequency is reciprocal of the periodicity. The latter measures
the number of time units required for completion of a cycle. Each frequency
corresponds to a particular periodicity (or a cycle length) according to the map-
ping, p=2n/w, where p which denotes “period,” measures the length of a cycle.
For example, with quarterly data, the frequency @ =0.52 corresponds to a 3-
year (12-quarter) cycle while the frequency w =0.20 corresponds to a 8-year (32-
quarter) cycle. Below, on the figures displaying estimated spectral densities, in
addition to the standard frequency scale we also present the corresponding time
scale indicating periodicity in quarters. (In Figure 11, the periodicities are
measured in years since there we use annual data.)

Following a common practice in macroeconomic applications of spectral
analysis, we divide the frequency interval 0 <@ < & into three segments: long-run
frequency band, business cycle frequency band, and short-run frequency band.
The cut-off points of the frequency bands we use are identical to those used in
modern business cycle literature. For example, Prescott (1986) defines business
cycles as 12-32 quarter cycles. Therefore, when we use quarterly data, we identify
the frequency interval 0.20 <@ <0.52 as a business cycle frequency band. The
frequencies below the business cycle frequency band (@ <0.20) correspond to the
long-run, while the frequencies above the business cycle frequency band (@ >0.52)
correspond to the short-run.” In order to make the plottings of the spectral esti-
mates easier to interpret, on each figure we also display vertical guidelines which
identify these cut-off points.

"When we use annual data, these cutoff points are @ <0.78 and @ >2.10, respectively.
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Estimated Quarterly Net Capital Stock: Business Structures

TABLE 3

(billions of 1987 dollars)

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1948.1 669.90 669.43 668.88 669.36
1948.2 673.20 672.57 671.68 672.47
1948.3 676.50 676.08 675.06 676.01
1948.4 679.80 679.80 678.84 679.80
1949.1 682.88 683.52 683.40 683.44
1949.2 685.95 686.91 686.74 686.81
1949.3 698.03 689.70 689.55 689.63
1949.4 692.10 692.10 692.02 692.10
1950.1 696.12 695.28 695.12 695.21
1950.2 700.15 699.04 698.80 698.94
1950.3 704.18 703.48 703.22 703.39
1950.4 708.20 708.20 708.03 708.20
1951.1 712.25 712.16 712.81 712.07
1951.2 716.30 716.54 717.65 716.41
1951.3 720.35 720.77 722.16 720.68
1951.4 724.40 724.40 725.88 724.40
1952.1 729.83 729.63 728.49 729.53
1952.2 735.25 734.92 733.05 734.79
1952.3 740.67 740.27 738.09 740.17
19524 746.10 746.10 744.02 746.10
1953.1 751.90 751.70 752.24 751.59
1953.2 757.70 757.50 758.44 757.35
1953.3 763.50 763.30 764.49 763.19
1953.4 769.30 769.30 770.60 769.30
1954.1 775.47 775.57 715.57 775.44
1954.2 781.65 781.85 781.90 781.69
1954.3 787.82 788.00 788.13 787.88
1954.4 794.00 794.00 794.25 794.00
1955.1 800.90 800.36 800.52 800.23
1995.2 807.80 807.04 807.35 806.86
1955.3 814.70 814.15 814.60 814.02
1955.4 821.60 821.60 822.18 821.60
1956.1 830.42 830.03 829.76 829.86
1956.2 839.25 839.02 838.64 838.80
1956.3 848.08 848.03 847.67 847.86
1956.4 856.90 856.90 856.70 856.90
1957.1 865.30 865.49 865.67 865.33
1957.2 873.70 87397 874.33 873.76
1957.3 882.10 882.35 882.88 882.19
1957.4 890.50 890.50 891.18 890.50
1958.1 897.33 898.04 898.26 897.91
1958.2 904.15 904.89 905.30 904.71
1958.3 910.98 911.25 911.83 911.12
1958.4 917.80 917.80 918.51 917.80
1959.1 925.15 924.60 924.40 924.47
1959.2 932.50 931.86 931.58 931.69
1959.3 939.85 939.64 939.37 939.51
1959.4 947.20 947.20 947.07 947.20
1960.1 955.80 955.54 955.64 955.39
1960.2 964.40 964.00 964.21 963.80
1960.3 973.00 972.44 972.78 972.29
1960.4 981.60 981.60 982.10 981.60
1961.1 990.30 990.76 990.82 990.60
1961.2 999.00 999.46 999.61 999.25
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TABLE 3—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1961.3 1,007.70 1,008.03 1,008.31 1,007.88
1961.4 1,016.40 1,016.40 1,016.83 1,016.40
1962.1 1,025.72 1,025.13 1,025.22 1,024.97
1962.2 1,035.05 1,034.56 1,034.75 1,034.34
1962.3 1,044.37 1,044.48 1,044.81 1,044.31
1962.4 1,053.70 1,053.70 1,054.20 1,053.70
1963.1 1,062.80 1,062.06 1,062.21 1,061.90
1963.2 1,071.90 1,071.26 1,071.57 1,071.05
1963.3 1,081.00 1,080.54 1,081.01 1,080.37
1963.4 1,090.10 1,090.10 1,090.73 1,090.10
1964.1 1,101.18 1,110.32 1,100.35 1,100.14
1964.2 1,112.25 1,111.20 1,111.31 1,110.95
1964.3 1,123.32 1,122.78 1,123.02 1,122.59
1964.4 1,134.40 1,134.40 1,134.83 1,134.40
1965.1 1,148.65 1,147.04 1,147.34 1,146.80
1965.2 1,162.90 1,161.35 1,161.92 1,161.03
1965.3 1,177.15 1,175.80 1,176.62 1,175.55
1965.4 1,191.40 1,191.40 1,192.47 1,191.40
1966.1 1,206.40 1,207.08 1,207.66 1,206.80
1966.2 1,221.40 1,221.94 1,223.01 1,221.58
1966.3 1,236.40 1,237.28 1,238.72 1,237.00
1966.4 1,251.40 1,251.40 1,253.12 1,251.40
1967.1 1,265.03 1,265.76 1,265.95 1,265.51
1967.2 1,278.65 1,279.08 1,279.48 1,278.75
1967.3 1,292.28 1,292.56 1,293.19 1,292.31
1967.4 1,305.90 1,305.90 1,306.78 1,305.90
1968.1 1,319.50 1,319.90 1,319.94 1,319.66
1968.2 1,333.10 1,333.51 1,333.67 1,333.19
1968.3 1,346.70 1,346.68 1,347.02 1,346.44
1968.4 1,360.30 1,360.30 1,360.88 1,360.30
1969.1 1,374.80 1,374.21 1,374.43 1,373.96
1969.2 1,389.30 1,338.21 1,338.65 1,387.88
1969.3 1,403.80 1,403.47 1,404.14 1,403.21
1969.4 1,418.30 1,418.30 1,419.23 1,418.30
1970.1 1,432.00 1,432.63 1,432.95 1,432.38
1970.2 1,445.70 1,446.35 1,446.98 1,446.03
1970.3 1,459.40 1,460.00 1,460.89 1,459.75
1970.4 1,473.10 1,473.10 1,474.24 1,473.10
1971.1 1,485.70 1,486.03 1,486.23 1,485.81
1971.2 1,498.30 1,498.71 1,499.12 1,498.41
1971.3 1,510.90 1,511.22 1,511.84 1,510.99
1971.4 1,523.50 1,523.50 1,524.35 1,523.50
1972.1 1,535.22 1,536.17 1,536.29 1,534.94
19722 1,546.95 1,546.88 1,548.82 1,546.59
1972.3 1,558.67 1,558.48 1,560.94 1,558.26
1972.4 1,570.40 1,570.40 1,573.08 1,570.40
1973.1 1,584.32 1,583.52 1,583.51 1,583.27
1973.2 1,598.25 1,597.48 1,597.54 1,597.14
1973.3 1,612.18 1,612.02 1,161.24 1,611.76
1973.4 1,626.10 1,626.10 1,626.59 1,626.10
1974.1 1,638.43 1,639.58 1,640.03 1,639.33
1974.2 1,650.75 1,652.79 1,653.63 1,652.46
1974.3 1,663.07 1,664.35 1,665.52 1,664.12
1974.4 1,675.40 1,675.40 1,676.81 1,675.40
1975.1 1,684.35 1,685.32 1,685.01 1,685.15
1975.2 1,693.30 1,693.94 1,693.48 1,693.72
1975.3 1,702.25 1,702.64 1,702.19 1,702.47
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TABLE 3-—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1975.4 1,711.20 1,711.20 1,71091 1,711.20
1976.1 1,719.35 1,719.50 1,720.42 1,719.34
1976.2 1,727.50 1,727.52 1,729.10 1,727.31
1976.3 1,735.65 1,735.69 1,737.68 1,735.53
1976.4 1,743.80 1,743.80 1,745.95 1,743.80
1977.1 1,752.60 1,751.77 1,752.16 1,751.61
1977.2 1,761.40 1,760.59 1,761.29 1,760.36
1977.3 1,770.20 1,769.74 1,770.68 1,769.57
1977.4 1,779.00 1,779.00 1,780.11 1,779.00
1978.1 1,791.95 1,788.80 1,788.84 1,788.58
1978.2 1,804.90 1,801.13 1,801.25 1,800.81
1978.3 1,817.85 1,815.37 1,815.65 1,815.12
1978.4 1,830.80 1,830.80 1,831.33 1,830.80
1979.1 1,847.33 1,845.72 1,846.35 1,845.42
1979.2 1,863.85 1,861.43 1,862.56 1,861.01
1979.3 1,880.38 1,878.60 1,880.14 1,878.28
1979.4 1,896.90 1,896.90 1,898.76 1,896.90
1980.1 1,914.75 1,915.92 1,915.87 1,915.57
1980.2 1,932.60 1,933.65 1,933.69 1,933.19
1980.3 1,950.45 1,950.67 1,950.93 1,950.33
1980.4 1,968.30 1,968.30 1,968.90 1,968.30
1981.1 1,988.12 1,986.46 1,986.99 1,986.09
1981.2 2,007.95 2,005.64 2,006.64 2,005.14
1981.3 2,027.77 2,025.86 2,027.28 2,025.48
1981.4 2,047.60 2,047.60 2,049.40 2,047.60
1982.1 2,065.32 2,067.99 2,068.87 2,067.61
1982.2 2,083.05 2,086.91 2,088.52 2,086.42
1982.3 2,100.78 2,103.15 2,105.32 2,102.80
1982.4 2,118.50 2,118.50 2,121.03 2,118.51
1983.1 2,130.32 2,131.24 2,131.49 2,131.00
1983.2 2,142.15 2,142.08 2,142.59 2,141.77
1983.3 2,153.97 2,153.63 2,154.39 2,153.40
1983.4 2,165.80 2,165.80 2,166.78 2,165.80
1984.1 2,183.02 2,180.67 2,180.52 2,180.35
1984.2 2,200.25 2,197.81 2,197.66 2,197.38
1984.3 2,217.48 2,216.14 2,216.14 2,215.80
1984.4 2,234.70 2,234.70 2,235.04 2,234.70
1985.1 2,255.75 2,256.34 2,255.80 2,255.94
1985.2 2,276.80 2,277.95 2,277.19 2,227.43
1985.3 2,297.85 2,298.00 2,297.33 2,297.61
1985.4 2,381.90 2,318.90 2,318.62 2,318.90
1986.1 2,332.97 2,337.10 1,338.14 2,336.80
1986.2 2,347.05 2,350.87 2,352.73 2,350.50
1986.3 2,361.12 2,363.94 2,365.35 2,362.67
1986.4 2,357.20 2,357.20 2,377.88 2,375.20
1987.1 2,387.15 2,385.88 2,386.27 2,385.67
1987.2 2,399.10 2,396.91 2,397.62 2,396.61
1987.3 2,411.05 2,409.64 2,410.61 2,409.41
19874 2,423.00 2,423.00 2,424.21 2,423.00
1988.1 2,434.70 2,434.34 2,434.79 2,434.11
1988.2 2,446.40 2,446.23 2,447.06 2,445.93
1988.3 2,458.10 2,457.89 2,459.02 2,457.66
1988.4 2,469.80 2,469.80 2,471.16 2,469.80
1989.1 2,481.85 2,481.94 2,481.12 2,481.71
1989.2 2,493.90 2,493.34 2,493.73 2,493.04
1989.3 2,505.95 2,505.63 2,506.23 2,505.39
1989.4 2,518.00 2,518.00 2,518.83 2,518.00
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TABLE 3—continued

Linear Numerical Interpolated Equal Quarterly
Time Interpolation Iteration Depreciation Depreciation
1990.1 2,530.57 2,531.67 2,531.39 2,531.41
1990.2 2,543.15 2,544.84 2,544.46 2,544.50
1990.3 2,555.72 2,557.66 2,557.37 2,557.41
1990.4 2,568.30 2,568.30 2,568.25 2,568.30
1991.1 2,574.98 2,577.33 2,577.97 2,577.18
1991.2 2,581.65 2,585.30 2,586.43 2,585.10
1991.3 2,588.33 2,590.76 2,592.22 2,590.62
1991.4° 2,595.00 2,595.00 2,596.59 2,595.00

Source: Authors’ calculation.

The spectral estimates reported here are obtained by first estimating periodo-
grams of the series. However these periodograms are inconsistent estimates of
spectrum since they tend to be very erratic in the neighborhood of the frequencies
considered in estimation. Therefore, the estimated periodograms are smoothed in
order to get consistent estimates of the spectra. Smoothing is usuvally done by
taking the weighted integral of the periodogram ordinates considered. Several
weight structures, also called lag windows, have been proposed in this literature.
The main difference between the various lag windows is in the way they generate
the weights. For example, the Daniell window, which is a truncated rectangular
window, implicitly assigns equal weights to the autocovariances in the neighbor-
hood of the frequencies considered and zero weight thereafter.

In this paper the smoothing is done using three different lag windows:
Bartlett’s, Tukey’s, and Parzen’s.® However, since all three windows yield amost
identical results, we only report the spectral estimates derived using Bartlett’s lag
window which assigns linearly decreasing weights to the autocovariances in the
neighborhood of the frequencies considered and zero weight thereafter.” The num-
ber of ordinates, m, which is the number of frequency points for which the spec-
trum is estimated, is set using the rule m=2./n, where n is the number of
observations. Thus, we estimate flw;), where w;=jr/m, and j=0,1,2,...,m. In
addition to point estimates, we have also computed the confidence interval using
asymptotic standard errors for each spectral estimates reported in this paper. The
confidence intervals are plotted on each figure along with the estimated spectral
density functions.

3. Comparison of the Constructed Series Using Autocorrelation and Spectral
Density Functions

Figure 2 displays the estimated autocorrelation function of the quarterly
consumer durable goods (measured in first differences) constructed by segmented
linear interpolation of the annual capital stock series (method 1). Figure 3 displays
the estimated spectral densities of the same series. Similarly, Figures 4-9 display

*See Koopmans (1974) for technical details.
*The estimated spectral densities derived using Tukey’s and Parzen’s windows are available upon
request.
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Figure 1. Four Different Estimates of Consumer Durable Good Series (in First Differences), U.S.,
1989:1-1991:4

the estimated autocorrelation and spectral density functions of the quarterly con-
sumer durable goods series constructed by the other three methods. The dotted
lines on these figures indicate a 95 percent confidence interval (+2 S.E.).
According to Figure 2, the quarterly consumer durable goods series con-
structed by segmented linear interpolation of the annual capital stock series
(method 1) is characterized by a weak seasonal pattern as indicated by the value

336



1.00 —

0.80
0.60

0.40

0.20 -

0.00 T T 1 TrMIITI||'||'-T|IIIIk
O e S _

-0.40
1

-0.60 -
J
-0.80 —
-1.00 -
Figure 2. Autocorrelation Function (+2 S.E.) of Quarterly Consumer Durable Good (CDG) Series

Constructed by Linear Interpolation of the Annual Data (Method 1), U.S., 1948:1-1991:4. k=
number of lags

Autocorrelation Function

of autocorrelations at lags 4, 12, and 16. Other than these seasonals, the autocorre-
lations are not different from zero, which is an indicator of a white noise process.

This interpretation is not very consistent with the estimated spectrum shown
on Figure 3. The spectrum should contain a peak at frequency @ =1.57, which
would correspond to a 4-quarter cycle. The estimated spectrum, however, attains
a local minimum at that frequency, suggesting a low power concentration at that
frequency. The reason for this failure of the spectrum to identify the periodic
structure of the linearly interpolated series might be the finding reported recently
by Dezhbakhsh and Levy (1994) that segmented linear interpolation may intro-
duce a “periodic nonstationarity” in the generated series. With the exception of
this particular frequency, the flatness of the spectrum indicates that each specific
frequency in the business cycle and short-run frequency band contributes equally
to the variation in the constructed capital stock.'” From comparing the areas
under the spectrum at each of the three specified frequency bands on Figure 3, it
is clear that most of the variation in the constructed CDG series is caused by
short-run fluctuations and relatively very little variation is caused by long-run or
business-cycle fluctuations.

Figures 4 and 5 display the estimated autocorrelation and spectral density
functions of the quarterly consumer durable goods series constructed by numerical
iteration of capital accumulation equation (method 2). Here the autocorrelation
function displays no clear pattern. In fact, for most lags it is not different from

YA pure white noise process has a completely flat spectrum which means that all frequency
components contribute equally to the variation of the process.
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Figure 3. Estimate of Spectral Density Function (+2 S.E.) of Consumer Durable Good (CDG) Series
Constructed by Linear Interpolation of the Annual Data (Method 1), U.S., 1948:1-1991:4

zero. However, the spectral density contains significant peaks at frequencies @ =
1.05, ®=2.10, and o =3.14. These frequencies correspond to 6, 3, and 2 quarter
cycles. Since the original capital stock data used here is annual, the reason for
these periodicities might be the quarterly investment series we used with this
method.

To examine this possibility, we estimate the spectral density function of the
quarterly CDG investment series for the 1948:1-1991:4 period. As the spectral
density plot displayed in Figure 5a indicates, it indeed contains peaks in the
neighborhoods of those frequencies. Overall, the spectrum in Figure 5 indicates
the most of the variation in the constructed CDG series is due to short-run
fluctuations.

Figures 6 and 7 display the estimated autocorrelation and spectral density
functions of the quarterly consumer durable goods series constructed by seg-
mented linear interpolation of the annual depreciation series (method 3). Here
the autocorrelation displays a strong seasonal pattern as indicated by high and
statistically significant values of estimated autocorrelations at the seasonal lags 4,
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Figure 4. Autocorrelation Function (+2 S.E.) of Quarterly Consumer Durable Good (CDG) Series
Constructed by Numerical Iteration of Capital Accumulation Equation (Method 2), U.S., 1948:1-
1991:4. k=number of lags

8, 12, etc. The autocorrelations are also significant at lags 2, 6, 10, 14, and 18,
though they are much smaller than the seasonals.

This pattern is consistent with the estimated spectrum in Figure 7 which
contains a peak at frequency w=1.57, which corresponds to a 4-quarter cycle.
The concentration of a relatively large spectral mass around the 4-quarter cycle
emphasizes the importance of this cycle in the total variation of the series."
Although the spectrum appears to have peaks also at ® =1.05, ®=2.10, and 0 =
2.50 (which correspond to 6, 3, and 2j-quarter cycles), these peaks are relatively
minor. Similar to the previous spectral densities, Figure 7 also indicates that most
of the variation in the constructed CDG series can be attributed to short-run
fluctuations.

Figures 8 and 9 display the estimated autocorrelation and spectral density
functions of the quarterly consumer durable goods series constructed by assuming
equal quarterly depreciation (method 4). Here the autocorrelation function dis-
plays a complex pattern. It is statistically significant at lags 2, 4, 6, 10, 14, and 16.

The spectral density function shown in Figure 9 contains significant peaks at
frequencies @ = 1.05, © =1.57, ® =2.10, and o =2.88, which correspond to 6, 4,
3, and 2i-quarter cycles. As with method 2, the reason for these periodicities
might be periodic behavior of the quarterly CDG investment series we used. As

""As noted above, linearly interpolated capital stock series (method 1) also exhibit a 4-quarter
cycle. This finding is not a coincidence. In a study by Dezhbakhsh and Levy (1994), it is shown that
the moments of linearly interpolated series will exhibit a significant periodic (in this case seasonal)
variation.
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Figure 5. Estimate of Spectral Density Function (£2 S.E.) of Consumer Durable Good (CDG) Series
Constructed by Numerical Iterations of Capital Accumulation Equation (Method 2), U.S., 1948:1-
1991:4

with previous spectral densities, here also we find that most of the variation in
the constructed quarterly CDG series is explained by short-run fluctuations.

For comparison, we also estimate the autocorrelation and spectral density
functions of the differenced original annual consumer durable goods series which
we use with all four methods. These functions are displayed in Figures 10 and 11.
According to Figure 10, the estimated autocorrelation is not statistically significant
at any of the 24 lags considered. In terms of the properties of the autocorrelation
function, the quarterly series constructed using numerical iteration of the capital
evolution equation (method 2) exhibits a behavior most similar to the behavior
of the annual series in comparison to the series constructed using the other three
methods.

Since the annual data has a lower frequency than the constructed quarterly
data, the comparison of the spectral density functions should be done carefully.
This is because now cyclical periodicities are measured in years instead of quarters.
In addition, the shortest cycle that can be identified with spectral analysis is two-
time-units long, i.e., for the highest frequency =, we have 27 /w0 =2n/n=2.
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Figure 5a. Estimate of Spectral Density Function (32 S.E.) of the Consumer Durable Goods Invest-
ment, U.S,, 1948:1-1991:4

Therefore, with annual data the highest observable frequency corresponds to a 2-
year cycle while with quarterly data it corresponds to a 2-quarter cycle.'” Conse-
quently, the spectrum displayed in Figure 11 contains no information on the
cyclical dynamics of the capital stock series for periodicities less than 8 quarters
(=2 years). This means that the information contained in the entire frequency
band 0< @ <7 in Figure 11, corresponds to the information contained in the
frequency band 0 <@ <0.78 in Figures 2, 4, 6, and 8."*

Thus, comparing the values as well as the shapes of all four quarterly spectral
density functions in the frequency band 0 < @ <0.78 with the annual spectrum in
the frequency band 0 <@ <7, it seems that the spectrum displayed in Figure 3 is
closer to the annual spectrum in comparison to the other three. With the exception
of the zero-frequency band, the quarterly spectrum in the frequency range
0 < ®<0.78 in Figure 3 fluctuates around 1.05. According to Figure 11, the spec-
trum estimated using annual data also fluctuates around that value with the excep-
tion of the =0 and w=r frequency bands. In contrast to this pattern, the

"2This is known as Nyquist frequency.
"3This is why the location of the vertical lines on Figure 11 differs from the other figures.
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spectral density functions displayed in Figures 5, 7, and 9 remain below 1.05 in
the frequency band 0 < <0.78.

On the other hand, if the constructed quarterly capital stock series is to be
used in studying some short-run phenomenon, and if we believe that the true
quarterly series (which we do not have) is a smooth series like its annual coun-
terpart, then we would expect the constructed series to exhibit low variation in
the high, or short-run, frequencies. This suggests that we can rank the constructed
quarterly capital stock series by measuring the areas underneath the estimated
spectral density functions at the short-run frequency band, @ >0.52, by using a
numerical integration technique. Following this line of thought, we computed the
areas underneath the estimated spectral density functions in the short-run fre-
quency bands on figures 3, 5, 7, and 9, and found that they equal 21.92, 24.56,
26.78, and 25.32, respectively. Thus, we see that the quarterly series constructed
using method 1 (segmented linear interpolation) and method 2 (numerical itera-
tion of capital evolution equation) have a lower short-run variation in comparison
to methods 3 and 4. Therefore, for short-run analysis we would choose the quart-
erly capital stock series generated by either method 1 or method 2.

4. Comparison of the Constructed Series Using Variance Ratio Test

It would be interesting to compare long-run persistence characteristics of the
constructed quarterly time series with the persistence displayed by the annual
series. For this we use a frequency domain equivalent of a measure of persistence
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Figure 7. Estimate of Spectral Density Function (22 S.E.) of Consumer Durable Good (CDG) Series
Constructed by Linear Interpolation of the Annual Depreciation Data (Method 3), U.S., 1948:1-
1991:4

suggested by Cochrane (1988) as a substitute to more standard unit root tests.
The measure is based on the variance ratio statistic, V:

1
L var [y(H)—y(t—k)]

(26) V=
var [ y(8) —y(t—1)]

where the numerator measures the variance of cumulative growth over a horizon
of many years while the expression in denominator is the variance of 1-year
growth. Cochrane (1988) proves that the numerator of variance ratio statistic is
asymptotically equivalent to the Bartlett’s estimate of spectral density at frequency
zero. That is,

@7 /@)= lim {i var [ () —y(t—k)]}

where f 2(w) denotes the Bartlett’s estimate of spectral density given in (25).
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Constructed by Assuming Equal Annual Depreciation (Method 4), U.S., 1948:1-1991:4. k=number
of lags

The denominator in (26) can be estimated by computing unconditional vari-
ance of differenced y,. Therefore, computing the Bartlett’s estimate of spectral
density at the zero-frequency and standardizing it by the unconditional variance
of the differenced series will yield a consistent estimate of Cochrane’s variance
ratio statistic. Bartlett’s estimate of standardized spectral density of the con-
structed quarterly CDG series is shown in figures 3, 5, 7, 9, and 11 by the solid
line and their zero frequency value for methods 1, 2, 3, and 4 equals 0.64, 0.30,
0.17, and 0.32, respectively. In contrast to this, the corresponding value for the
annual series equals 0.38." This means that in terms of long-run shock persistence
properties the constructed quarterly capital stock series differ substantially from
each other as well as from the original annual series. The series constructed using
method 1 exhibits more shock persistence than the original series, while the series
constructed by the other three methods exhibits less shock persistence than the
original series.

In a recent study, Granger (1991) shows that shock persistence properties of
time series are preserved under temporal aggregation. That is, if a series is gener-
ated over a one-time interval (say, a month) but is recorded over a longer interval
(such as a quarter), the shock persistence properties should remain unaltered. If
this is true for stock series also, then it seems that the quarterly capital stock
series constructed by method 2 (numerical iteration of capital evolution equation)

"“Some of the differences between quarterly and annual spectral density functions may be due to
the difference in the number of observations used in estimating them: 44 annual vs. 176 quarterly.
For example, Choi (1992) finds that using the data generated by aggregating subinterval data reduces
the power of augmented Dickey-Fuller tests.
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Figure 9. Estimate of Spectral Density Function (+2 S.E.) of Consumer Durable Good (CDG) Series
Constructed by Assuming Equal Annual Depreciation (Method 4), U.S., 1948:1-1991:4

and method 4 (equal annual depreciation) yield series with long-run shock persist-
ence properties that are very similar to the shock persistence properties of the
original annual data. Overall, it is clear that the four methods used here produce
series with very different long-run shock persistence properties.

V. SUMMARY, PrAcTICAL IMPLICATIONS, AND CONCLUSIONS

In this paper we construct quarterly nominal and real, gross as well as
net capital stock series for the post-war U.S. economy. The series constructed
include all three categories of the aggregate capital stock: consumer durable
goods, producer durable goods and equipment, and nonresidential business
structures.

The quarterly capital stock series are constructed using four different pro-
cedures. The first is a segmented linear year-to-year interpolation technique. The
second technique exploits the dynamic relationship between the capital stock and
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(CDG) Series, U.S., 1948-91. k=number of lags

the corresponding capital investment series and uses annual beginning-of-the-
year and end-of-the-year capital stock data to estimate the implied quarterly
depreciation rates for all three categories of the aggregate capital stock by numeri-
cal iteration over the depreciation rates until a convergence is achieved.'” These
depreciation rates are then used along with the quarterly investment and the
annual capital stock series to construct quarterly capital stock series. The third
method estimates the quarterly depreciation by linearly interpolating the annual
depreciation figures which are then used along with the annual capital stock and
the quarterly investment series to construct the quarterly capital stock series. The
fourth method estimates the quarterly depreciation figures by assuming that the
annual depreciation is spread equally across the four quarters of the year.

In order to compare and contrast the constructed quarterly capital stock
series to each other and to the original annual series from which they are con-
structed, we compare the time series properties of these series. For this we use a
one-time domain measure, namely the autocorrelation function, and two fre-
quency domain measures. The latter are, (1) the spectral density function, which
allows us to decompose the total variation in the series by frequency (short-run,
business cycle, and long-run), and (2) the frequency domain equivalent of the
variance ratio statistic often used to measure a long-run shock persistence (i.e.,
unit root) properties of the time series.

*For the 1948-91 period, the estimated average depreciation rates of consumer durable goods,
producer durable goods, and nonresidential business structures are 0.24, 0.12, and 0.05, respectively
[see Levy (1994) for more details]. Gordon and Veitch’s (1986) estimated average depreciation rates
of consumer durable goods, producer durable goods, and nonresidential business structures for the
1947-83 period are 0.20, 0.14, and 0.06, respectively.
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Figure 11. Estimate of Spectral Density Function (£2 S.E.) of the Original Annual Consumer Durable
Good (CDG) Series, U.S., 1948-1991

The constructed series share one cyclical characteristic: most of the variation
in the constructed series is caused by short-run fluctuations and relatively very
little variation is caused by long-run or business-cycle fluctuations. Other than
this, the constructed capital stock series exhibit markedly different statistical
behavior. In particular, using the above time and frequency domain measures, we
demonstrate that the generated series exhibit very different cyclical dynamics. For
example, we show that the generated series are characterized by different short-
run and business cycle periodic patterns. Interestingly, we find that out of the four
methods examined, the simplest method, namely segmented linear interpolation of
the annual capital stock series, yields quarterly series with business cycle properties
that are very similar to the properties we find in the original annual data.

Using the frequency domain equivalent of Cochrane’s (1988) variance ratio
test, we show that the constructed series are characterized by different long-run
shock persistence properties. This is somewhat surprising because one would
expect that an increase in the data frequency from annual to quarterly would alter
short-run and perhaps business cycle dynamics of the original series, but not
necessarily long-run behavior. This is especially true because by construction, the
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end-of-the-fourth-quarter capital stock values coincide with the corresponding
end-of-the-year annual values.'®

Although it is fair to conclude that the findings reported in this paper are
mixed, the usefulness of the quarterly capital stock series constructed here may
still be ranked based on the results of the statistical comparison discussed in
section IV. If the goal is to study some kind of long-run phenomenon, then our
preferred method is the method of numerical iteration (method 2). This is because
method 2 uses a well-established capital accumulation relationship and does not
involve any statistical approximation of the type used with other methods. In
addition, since recent studies (e.g., Granger, 1991) have shown that temporal
aggregation of time series should not alter the shock persistence properties of the
series, the estimated value of the frequency domain version of the variance ratio
statistic can be used to rank the constructed series. According to our findings, the
quarterly capital stock series constructed by method 2 exhibits long-run shock
persistence properties that is very close to the shock persistence properties of the
original annual data.

If, on the other hand, the goal of using quarterly capital stock series is to
examine some short-run phenomenon, then none of the four methods used here
seem to be clearly superior to the rest. However, if we belive that the true quarterly
capital stock series (i.e., the stock of capital actually in place in each quarter)
contains no jumps and is rather smooth, then its spectral density function will show
a low power concentration underneath the spectrum at short-run frequencies. This
will indicate that most of the variation in the existing stock of capital is due to
long-run and business cycle frequencies, and very little variation is due to short-
run frequencies.

Following this line of thought, we compared the constructed quarterly capital
stock series by comparing the areas underneath the estimated spectral density
functions at the short-run frequency bands in figures 3, 5, 7, and 9. Numerically
integrating the areas underneath the spectral density functions, we find that the
quarterly series constructed using method | (segmented linear interpolation) and
method 2 (numerical iteration of capital evolution equation) have a lower short-
run variation in comparison to methods 3 and 4. Thus, in choosing a method for
constructing a quarterly capital stock series, the frequency domain differences
found between the methods used here should be taken into account, especially if
the constructed series are used in empirical statistical analysis.'”

In our view, the quarterly capital stock series constructed here are good
estimates of the true capital stock data because of the relative smoothness of the
capital stock series and also because, by construction, the end-of-the-fourth-
quarter capital stock values coincide with the corresponding end-of-the-year

'Method 3 is obviously an exception as was shown in Section II of the paper. It should be noted
that since we use the annual capital stock series constructed by the BEA as a benchmark for construct-
ing quarterly series, our capital stock and depreciation series are conditional on the BEA’s estimates.
Note that the capital stock series used here differ from the less known capital “input’ series constructed
by the U.S. Bureau of Labor statistics since 1983. The latter is designed to measure capital services
and thus is more suitable for productivity studies.

"7 An extension of this study (Levy, 1994) compares the constructed capital stock series by estimat-
ing time varying value-added aggregate production functions for the post-war U.S. economy using
the constructed capital stock series along with the aggregate labor input series.
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annual values. In the future, it may be worthwhile to use similar techniques to
construct capital stock series at a more disaggregated level.
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